To the Editor of The Algebraic Review.

Sir, on October twenty sixth a graduate student of mine, Olga Vyacheslavovna Gersimova,
defended an extraordinary dissertation at the Dissertation Council N2 (department of
Mechanics and Mathematics, MSU) entitled “ Differential algebraic and geometric foundations
of central dynamics on quadratic curves’. Such a curves has their own charm, and results
obtained by Olga during two last years show that the topic is inexhaustible. Nevertheless, she
made a perfectly sincere effort to generalize these results to curves of order greater than two.
Our symbolic computations show that even in the case of cubic curves the situation changes
drastically due to the presence of singularities. The only hope was that we would be able to
prove that any solution of these differential equations in formal power series in convergent.
Indeed, she managed to do this over the field of complex numbers. Moreover, she came up
with a purely algebraic trick which allowed her to avoid Kowalewsakay theorem, and use only
a special case of Picard theorem.

Careful analysis of her argument yields to a surprising (from the first glance) and
fundamental conclusion: O.V. Gerasimova proved that

every differential-algebraic curve is affine algebraic, in particular, it is finitely defined.

(I want to emphasize that the same result holds over all algebraically closed fields of zero
characteristic)

Fim! Would you be willing to communicate a note by O.V.Gerasimova “Affine
charm of differential-algebraic curves” to a top math journal of your choice? (russian
and english pdf-files are attached)

Sir, - mBaamare mectoro gexabpsi 2014 roma moeit yuenwmreit Ogbroit BsuecnaBosuoit I'epacumoBoit B
Vuénom Cosere N2 (mex-mar dakynbrera MI'Y) Obuia 3amuinena #eopdunaphas (KAHAUIATCKASA) JUCCEPTALM:
“ JTuppepenyuarbro-anrzebpauneckue U 2e0MEMPUYECKUE HAUAAG UEHMPANOHOT OUHAMUKY HAG KPUBHLT 6TOPO20
nopadxa.” Y TaKuX KPUBBIX OCODEHHAS CTATH, U IOJYYEHHBIE €10 3/1€Ch 3a MOCIEJIHUE JIBA MOJA PE3YIbTATHL 10~
Ka3bIBAIOT, YTO ITa TeMa Heucuepnaema. Ho oHa npeanpuHsiia OT4asiHiyio nonbiTKy (aesuunii makcumasmsm!)
TIEPEHECTH X HA KPUBbIE D0JIee BHICOKUX TOPsAAKOB. CUMBOJILHBIE BRIUKUCIEHUS yyKe ipu N = 3 mpoaeMoCcTpupo-
BaJIM, 9TO HAJIMYIHE OCODEHHOCTEH KOPEHHBIM 00pa3oM MeHsieT curyanuio. QcraBajgach MOCIeIHS HAIEK 1A, 9TO
J1J1S1 BHIIMCAHHBIX €10 audpepeHuaibiblX yPaBHeHHH yIacTCs JOKA3aTh, YTO J00be (POPMAIbHBIE HX PEIIeHHS
B CTEIEHHBIX PAIaX OKAXKYTCHA CXOAAMUMUCH. JefcTBUTENLHO, eif yAa/l0Ch 9TO CAENATh JIJId MO0Js KOMILIEKCHBIX
qKCceI, IPU ITOM [PUIYMAHHBIA €H0 4uCTO ajaredbpauvecKuil TPIOK paspelleHus TAKOIO TUIA YyPaBHEHUH OTHO-
CUTEJILHO BXOIAINEH B HUX CTapineil mpou3BoaHol nmo3sosmi munoBaTh Teopemy C. Koeasenckoii, cBens Bce K
YaCTHOMY CJIy4alo Teopembl ITukapa.

JeranbHblil aHamu3 eé J0Ka3aTesbCTBA MPUBEIT K KpaifHe HeoKuJaHHOMY (Ha NepBblii B3rian) u QyHaa-
merTanbaoMmy BeiBogy: O. B. TepacumoBoit gokazano, 94to

A106a5 dupdepeHuuarbHo-aN2e0pPaUIecKas KPUBQS

asasemca aPPurnoti anzedbpauseckots kKpueot,

8 WACTHOCTU, OHG KOHEYHO OnpedeseHa.

(IToauepKHy, 9TO STOT PE3YJIbTAT CIPABEIJIUB JJisi HPOU3BOJIBHBIX AAreOpanyecKy 3aMKHYTHIX MOJIeH, BKI0Jas
[IOJIOZKUTEIbHBIE XaPAKTEPUCTUKHY. )

®um! He orkakute B muioctu npeacraButb 3amerky O. B. I'epacumoBoii “ A gdunnoe ouwaposa-
Hue 410000 Jupdepenyuarbro-anzedbpaueckoti Kpusol’ B KAKOM-HUOYIb MPECTUKHBIN MaTeMaTUudeCKui
XKypHaJI 110 cBoeMy ycMmorpeHuto. (Pycckast m anrnmiickasi pdf-sepcun e€ opurmnasbsHoro Tex-

TEKCTa HpI/IJ'IaI'aIOTCﬂ.)
- I remain, Sir, your obedient servant, Master Key (Hacrpoiimuk).

Moscow, Leninskie Gory, November 2.
e-mail: pogudin.gleb@gmail.com.
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AN AFFINE CHARM OF ANY DIFFERENTIAL ALGEBRAIC CURVE.

0. V. Gerasimova

Abstract. The text is both an algebraic lesson and a Cartesian master class (a gift of Gods, one should say) for
metaphysicians, metaphysicists and their followers. In particular, it outlines why the spectrum of maximal ideals
SpeccA of a countably dimensional differential C-algebra A of transcendence degree 1 without zero devisors is
locally analytic, which means that for any C-homomorphism ¥ : A — C (M € SpeccA) and any a € A the

-~ 5] m
Taylor series ¥y (a) = of Z ¥ar(al™)Z5 has nonzero radius of convergence depending on the element a € A.

Key words: differential algebra affine curve, parameterisation, power series, analyticity.

The author considers their duty to express deep gratitude towards Igor Rostislavovich
Shafarevich for his abiding interest in the results of my studies and support of my work.

“We catch in flight all dreams of realists,
In diff-equations we are the best.

We are simple algebraists, not physicists,
Light good old Mind is our quest!”
From the L.V.M. manifest. !

We start with one intuitionistic, purely algebraic trick, which enables us to resolve several
kinds of differential equations with respect to the highest order derivative.

Lemma on affinity of intermediate subalgebra. Assume that a finitely generated
commutative associative integral domain A is an algebra with the identity element over an
algebraically closed field k (chark = 0,2,3,5,7,11,13,17,19,23,29,31,37,...), and its quotient
field Q(A) is of transcendency degree 1 over k. Further, if algebras A and B in a sequence of k-
subalgebras A C C C B C Q(A) are finitely generated, than the same is true of the subalgebra
C.

Proof. As soon as B is finitely generated, C' is a countably dimensional k-algebra. We

choose elements {e;|i = 1 2,...} in C as to complement the basis of the k-algebra A to a

basis of C'. Assign Co = A Ci1 dof Cileis1], Coo ' B and denote by Co,Ch,...,C;,...,Cx

the integral closures (“normalizations”) of these finitely generated subalgebras in Q(A). It is
well known that each k-subalgebra of that type is finitely generated. Moreover, in the course
of the proof (see [1]) it is established that C; is finitely generated as a module over C;, and
consequently Noetherian. Let us show that the ascending chains of k-subalgebras {C;}, {C;}
(1=1,2,3,...) eventually stabilize.

Proposition 1. If in a chain of integral domains F' C G C Q(F') the k-subalgebras F' and G
are finitely generated, F' = F (i.e. F is integrally closed), and deg,Q(F) = 1, then the natural
mapping v : Spec, G — Spec, F' satisfies the following conditions:

(a) v is injective,

(b) if v is surjective, then G coincides with F

(c) (Spec,F') \ v(Spec,G) is a finite set.

That is an exact translation of the statement of Corollary 2 of Theorem 2 in section 2 of
part 2 (see the monograph [1]).

!The L.V.M. = The Laboratory of Numerical Methods, the Department of Mathematics and
Mechanics, Lomonosov Moscow State University.



From the property (b) we conclude that if C; # Cj,1, then there exists a maximal ideal
M € Spec,,C; that cannot be raised to an ideal in Spec,C;, 1, thus it follows from the property
(a) that M N Cy € Spec,Cy cannot be raised to an ideal in Spec;C... But by virtue of the
property (c) there are finite many maximal ideals in Cy that cannot be raised to ideals in
Spec;Cs. Consequetly, there are finitely many places where the inclusions are strict in the
ascending chain of “normalizations” Cy C C; C ...C,, C ..., i.e. Cy = CN+@' for a sufficiently
large number N € N (i = 1,2,...) and Oy C C = |JC,, € Cy. But as noted above Cy is

Noetherian as a module over Cy. Thus its C’N—submcr)ndule C is finitely generated and has to
coincide with Cy4, for a particular ¢ € N, which proves the proposition.

The following statements are easily deduced from the proposition above.

Theorem 1. Any finitely generated differential k-algebra without zero divisors and of
transcendence degree 1 is finitely generated as a commutative associative algebra, in particular
this differential k-algebra is finitely presented.

Corollary. The spectrum of all the maximal ideals Specc A of an arbitrary finitely generated
differential commutative associative C-algebra A without zero divisors and of transcendence
degree 1 is analytic, i.e. for any C-homomorphism 1, : A — C (M € SpeccA) under the

z

Taylor homomorphism ¢, : A — C[[2]] all the series 1y (a) o > ¢ar(a™)Z; converge in
m=0

some neighborhood of zero.

Theorem 2. Let X be an affine irreducible algebraic curve over an algebraically closed field
k and k[X] be its algebra of regular functions. Then any k-subalgebra in k[X] is generated by
a finite subset of its elements.

Corollary. Let K be a field of transcendency degree 1 over algebraically closed field k, and
Derp K be algebra Lie of all k-differentiations K — K. For any ay,---,a, € K, Dy,---, D, €
Dery K is the smallest commutative-associative k-subalgebra A in K, for which a¢,---,a,, € A
u D;(A) C A(i=1,---,1) is finitely generated.

We should like to illustrate these results and their proofs by particular examples.

1. Differential Picard algebras (see [2|). ? Let P be a differential C-algebra determined by

generators 1, ..., x, and n defining relations: ; = f;(xy,...,2z,) (i =1,2,...,n), where f; are
elements of the polinomial algebra Clzy,...,z,]. It is evident that the algebra P arbitrary
def

chosen contains no zero divisors and can be realised by the derivation D =
Clzy, ...,z

The spectrum of this differential algebra coincides with the affine space C". The estimate
1((D™ f)|serr)/m!| < n™a™*+! holds for all coefficients of the Taylor series ¥y ( f) o > (D™Mx

n
> fiz— on
=1 ‘

m=0
Pai=aswn=an - =7 (f € Clay, ..., x,), M o (a1, ...,,)), where a is the largest absolute value
of the functions f, fi,..., f, and all their partial derivatives at the point M. Consequently,
all the power series ¥p/(z1),...,¥n(x,) converge in some neighborhood of zero. The equality

@M(f) = f(wM(xl),...,zZM(xn)) shows us that for any f € Clzy,...,x,] the series zz(f)
converges at the same neighborhood. Since any finitely generated commutative associative C-
algebra A with a fixed derivation D € DercA is a homomorphic image of the Picard algebra P
for a suitable choice of n and f1, ..., f,, the spectrum SpecgA is also analitic for any D € DercA.
That proves the corollary of Theorem 1.

2. “Rational” differential-algebraic parametrisations of flat affine irreducible
algebraic curves. Denote by Xy a flat affine irreducible algebraic curve given by an equation
H(z,y) = 0 (H(x,y) € k[z,y]). Let k[Xy| be k-algebra of regular functions of Xy over

2Proof of the corollary of Theorem 1.



algebraically closed field k& (char k& = 0,1,2,.... In sections 2.1-3, 3 we suppose that all
differential k-algebras (“parametresations”) defined by differential algebraic relations are in
a natural way to contain k[Xp| as a k-subalgebra. Of coure, it implies that the irreducible
polynomial H(x,y) does have additional properties. For once we point out the following exact
and evident conditions

a) 5 aH §é 0 in the sections 2.1, 2.3,

0) x 8x 14y, ay " g k- H(z,y) in section 2.2,

B) (‘?f;) + ( 8y) # 0 in section 3,
which are necessary and sufficient for embedding k[ X ]| in corresponding k-algebras given below.

2.1. Singly generated differential-algebraic curves (proof of Theorem 2). We
determine a differential k-algebra with the identity element Wy by two generators w, w; and
two defining relations H(w,w;) = 0, w’ = wy, where H(w,w;) is an irreducible polynomial in
klw,w], for which fd% # 0. Unfortunately, it is currently unknown whether this commutative
associative algebra contains zero divisors. To get rid of such kind of virtual elements (when

—H # 0) we consider in Wy the differential ideal I o {a € Wy| (g—f;) -a=0,m =m(a)} and

localize Wy by the element d = def aH € Wy. Then the kernel of the canonical homomorphism
of differential algebras v : Wy — (WH)d o {L|b € Wy} coincides with the ideal Ij. Let
def def def def def

WH = v(Wg), 0 = v(w), d = v(d), o = v(w), k[Xy] = k[©,@]. Now from the equality
@' = w; we conclude that Wy is differentially generated by one element @, and the equality
0 = H = %fw’ + 6 w” leads to the fact that under v : Wy — (Wpg), all elements of

v(Wg) = Wy lie in the commutative associative subalgebra generated by three elements w,
d-1 = . OH \—1
Wi, (Wl Ow1 )

Now we are in a position to realize Wy as a differential k-subalgebra in the field k(Xy) with
respect to the derivation D wi(Z — (—/6—M)8—w1), where Xy is the flat irreducible affine
algebraic curve given by equation H(w,w;) = 0, Consequently, we get a chain of k-algebras
kK[ Xy €Wy € (Wy)g € k(Xy), which satisﬁes all the conditions of the lemma on affinity
of intermediate subalgebra. It is evident that any one generated differential subalgebra of an
arbitrary integral domain (of transcendence degree 1) is a homomorphic image of Wy for an
appropriate choice of H(w,w) gTHl # 0). That proves Theorem 1 on affinity of differential-
algebraic curves.

(Especially note that the above reasoning is true for all algebraically closed fields of positive
characteristic p, because the equalities gTH =0, aH = 0 imply another relation H(w,w;) =
(F(w,w1))?, which contradicts the 1rreduc1b111ty of H. )

We conclude the section by one not complicated (maybe whatnot, but memorable) version
of Theorem 1.

Proposition 2. If in a differential domain of integrity [’ over an algebraically closed field
k elements f and f’ satisfy to a nonzero polynomial relation H(f, f') = 0 (H(z,y) € k[x,y],
H # 0), then there exists a natural number N, for which f™) = G(f, f', f ..., f&~V), where
G(z1,x9,...,xN) € k[T1,29,...,2N].

Corollary. If in a real interval (a,b) an infinitely differentiable complex valued function
f(t) is a solution of a differential equation H(f, f') = 0, where H(z,y) € Clx,y], is
a nonzero irreducible polynomial, then f™N)(t) = G(f(t), f'(t), f7(t),..., fNV(t)), where
G(z1,x9,...,2N) € Clxy, 29, ..., xyN], for a sufficiently large natural number N.

2.2. Kepler parametrizations of flat curves. A differential k-algebra with the identity
element G is given by generators z, y and two differential defining relations H (x,y) = 0,

zy'—2'y = o, where H is an irreducible polynomial in k[z, y], for which z- 24 +y- ay A o k. H(x, y)



3. and 0 # o € k (for example, 0 = h/m,). Solving the system of equations 0 = H' =

OH / / /o : o) ! _ _aH/ay
S 498 ay -y, —yx’ +xy’ = o with respect to 2’3/, we get ﬁ(x,y)-( J ) —0< om0z )

where £ x+ %H y. If the irreducible affine curve Xy (given by the equation H(z,y) = 0)
is smooth, the ideal generated by 5 B—H B—H in k[Xpy| has to coincide with the algebra Gg. Thus
aax + baH = 1 for appropriate a, b from k[Xg]. Consequently, £ - (—az’ 4+ by') = o, i.e. the
element E is invertible in Gg. It follows immediately that Gy (as a commutative associative
k-algebra)

(a) is generated by its three elements: z, y, £71;

(b) can be included into the field k(X ) and contains no zero divisors;

(c) is realized as a differential subalgebra in k(Xy) with respect to the derivation Dy o

o LTV (=90 | oH Dy
Oy Ox ox Oy

In general it is poss1ble that there exist zero divisors in G . Let I be an arbitrary differential
ideal in Gy, for which Gy /I contains no zero divisors. If we assume that [ intersects by
more than just the zero element with the subalgebra k[Xp] generated by x, y in Gg, then
the algebra k[Xpg|/(I N k[X#|) be zero-dimensional, and the integral domain Gy /I should
coincide with k - 1, but it contradicts the statement zy — 2’y = o # 0. If I N k[Xy] = 0,
then the element £ € k[Xy] is not equal to zero in the integrity domain Gy /I and after

localization by £ we get (Gg/I); = (Gu)z/Ic. Consequently, the ideal I has to coincide with

the ideal I(H) = {a € Gy|L™-a =0 in Gyg,m = m(a)}. It proves that there exists the only

integral domain Gy, given by generators z, y and two differential defining relations H(x,y) = 0,
xy —x'y =0 (0 € k,o #0), for which the following statements are true:

(a) Gy is imbeded into k(X p) with respect to the derivation Dy Lrtlo (—%—I;a% + %—Z%)

(b) under this embedding k[Xg] C Gg C (Gg)r C k(Xpy) and as a commutative associative
k-algebra the localization (G ), is generated by three elements x,y, £L71;

(¢) Gy is a simple differential k-algebra and the signature derivation does not vanish at any
point of the spectrum Spec, G-
Hereby (look also at Lemma on affinity of intermediate subalgebra), X5, = Spec,Gy is a
smooth affine irreducible algebraic curve and Gy contains k[X},|, where X}, is a normalization
of the curve Xp. So we see that the Kepler observer G excludes from his consideration all the
non-linear branches of X}, and slightly moving off the origin, can notice all the linear ones.

This observer surveying the curve Xy can try to act more radically: run up along the line
x = 0 from the origin to the gallery.

2.3 Puiseux parametrizations. Let us consider a differential k-algebra with the identity
element Py, given by generators x, y and two defining relations H(z,y) = 0, 2’ = ¢ (¢ € k,
¢ #0), where H(x,y) is an irreducible polynomial, for which 8H ;é 0. The arguments presented

in the previous two examples ensure that there exits a unlque (p0551bly zero) differential ideal
m

(equal to [ o {a € Py <6—H) -a=0,m =m(a)}) such as the quotient algebra with respect

to that 1dea1 contalns no zero divisors. Denote this quotient algebra throw Py. The equality

0 =H = c + dH y' shows us that the localization Py with respect to the element dH

—1
is generated as a commutative associative k-algebra by its three elements z,y, (%Z ) , and

3If H = Hy+ Hy, + ... + H,,, where Hy, Hy, ..., H,,, are homogeneous components of the polynomial
H( ) then - %i[ +y- afH =0-Hy+1-Hi+...+m-H,, and in the case, when char k = 0, the inclusion

az +y- 8 €k H(m y) is true for homogeneous H(x,y) only. But an arbirary irreducible homogeneous
polynomzal has degree 1. Hence, H(xz,y) = Hy and the equation H(x,y) = 0 defines a strait line, which contains
the origin.



Py is realized as a differential subalgebra in the field k(Xj) with respect to the derivation

D =D(H) =c (; (%{;f %ﬁj) 0 ) Then k[Xpu] C Py C (Pu)os C k(Xy), and in the view

of uniqueness of the ideal I the differential k-algebra Py does not vanish at any point of Spec, Py

and in the same way as in the previous example Xp, o Spec, Py is a smooth affine irreducible
algebraic curve, for which k[Xp,] = Py contains k[X}], where X% - is a normalization of the
flat curve XY%. Wherein Py excludes from its consideration those branches of the curve XY,
for which their projections of the tangents on the plane Ozy are parallel to the line x = 0.
(Non-linear branches are excluded, too).

2.4. Common case: (D = g <%—§a% - %—f%)) :k(Xpy) = k(Xp) is treated similarly 2.1
- 2.3.

3. Fermat parametrizations (natural parameter). Let us consider a differential k-
algebra with the identity element Fy determined by generators x, y and two defining relations
H(z,y) =0, (2')?+(y')* = ¢* (chark # 2,0 # ¢ € k), where H(x,y) is an irreducible polynomial
in k[x,y|, for which A = o ( e )2 + (%—5)2 # 0. It is obvious that signature derivation does not
vanish at any point of the spectrum Spec, Fly of the k-algebra Fy, thus if we show that any
homomorphic image Fy of the algebra Fy without zero divisors is of transcendence degree

1 over k, then Fy will turn up to be a simple finitely generated differential k- algebra with

an analytic spectrum. Let ¢ : Fyy — Fy be the corresponding epimorphism, 7 = qb( ),y o

o(y), k[Xg] the algebra of regular functions of the flat affine curve Xy given by the equation
H(x,y) = 0. It is clear * that k[Xp] is isomorphic to the k-subalgebra, generated by z, y in Fg
and k[Xy]NKer¢ = 0 (otherwise the zero-dimensional subalgebra ¢(k[Xy]) would generate Fyy
and 7', i/’ should be equal to zero, but this contradicts with the equality (2/)? + (v/)? = ¢* # 0).
Equalities % =0, dH = 0 are posmble if chark = p > 0, but due to the fact that H(z,y) is

irreducible, elther ;é 0, or &= ;7_5 0.

We consider the case When a_y % (0. Then d &f [0) (%—Z) is a nonzero element in the integral
domain Fy and from the equalities 0 = ¢(H') = ¢(ZL)z' + 925(%—1;)@’, (Z')? + (¥)? = * we get
that 7' = —(¢(%2)/d)Z', (Z')*(1 4 (¢(52)/d)?) = ¢* in the quotient field Q(Fy) of the algebra
Fy. The last relation implies that

(a) the k-subalgebra F generated by z, g, 2/, ¢’ is contained in the “quadratic extension” of
the field ¢(k(Xp));

(b) 29,49 € Q(E)(i = 2,3,...).

These plopertles prove that the integral domain Fy is contained in Q(E) and deg, Fy =
deg, Q(F) = 1. By Theorem 1, the commutative associative k-algebra Fy; is finitely generated
and finitely presented as a differential k-algebra. As the signature derivation ' does not vanish
at any point of Xz, aof Spec, Fy, Fy is an integrally closed k-algebra and Fy contains k[X%],
where X7, is the normalization of the curve Xy.

4. Nonaffine differential-algebraic surfaces exist. Let a differential C-algebra E (with
the identity element) be given by generators z, y and two defining relations 2’ = 1, z%¢y/+y—x =
0. Assume that z(2) ., y(z) = o S (=1)™m! - 2™+ and generate a differential C-subalgebra

m=0
E by z, § in power series C[[2]] with respect to the derivation . Direct verification shows that

4 The equality H(x,y) = 0 implies the relation 0 = H = x'- %IZ +y'- %I;, in particular, z'°- (%)2 = /7. (20
2

and taking into consideration the equality z'2 + y'2 = ¢ we have that 2'> - A = ¢2 - (%—H)Q, Yy A= m
As soon as A # 0 and A = (%—Ij + (71)1/2 COHN (OH (. 1)1/2 8—H) the irreducible polynomial H(x,y) does

oy ox
not divide the A, i,e. A #0 in k[Xg| and (2')?, (§')? € k[Xu]a C k:(XH)



& —q, 2 y + ¢ —Z = 0 in C[[2]]. Thus, the integral domain E is a homomorphic image of E

at o:E— E (p(x) =z, ¢(y) = y) and we consistently get

(a) Kerg = {a € E]me a=0 (m=m(a))},

(b) for the maximal ideal M € SpeccE, which is the intersection of F with the unique
maximal ideal of C[[z]], under the Taylor homomorphism 1 : E — C[[z]] we get ¥y (Z) = Z,
U (§) = 7, i.e. SpeceE is not analytic at the point M:;

(¢) Z, y are algebraically independent over C (otherwise E would coincide with some Puiseux
parametrization Py (H(x,y) € C[z,y]) and SpeceE would by analytic);

(d) E can be realized in the ﬁeld of rational functions C(x,y) as a differential C-subalgebra
In this way the differential integral domain E has transcendence degree equal to 2 over C,
its spectrum of maximal ideals is not analytic and, consequently, (as a commutative associative
C-algebra) E cannot be finitely generated.
We leave it as an exercise for the reader to verify two more properties of the C-algebra E:
(e) Clz,y] C E C Clz,y,27 '] € C(z,y);
(f) E is a simple differential C-algebra.
5. Proof of Theorem 2. An arbitrary k-subalgebra C' of the finitely generated algebra k[X]|

is countably dimensional. If C contains the identity element of k[ X], then we can choose a basis

{62|’L = 0, ]_, . } m O where 60 = 1 Let CO dﬁf k - €0, Cz'+1 d:ef C’i[eiﬂ] (Z = 0, 172, - ) As soon

as the field k is algebraically closed, the k-algebra C' is isomorphic to the polynomial algebra
k[e1]. Let us consider an ascending chain of quotient fields Q(C;) of k-algebras C;. By virtue of
the fact that k[X] is finitely generated and deg,k(X) = 1, the field k(X)) is a finite extension
of the field Q(C1) and dimg)Q(C;) < dimge)Q(Ciy1) < dimge,)k(X). Consequently, the

ascending chain of fields Q(C;) (i = 0,1,2,...) is stabilized for a sufficiently large integer N,

ie. QCn) = Q(Cny) (i=1,2,..). Let A ar Cy, then Q(A) = Q(C) C k(X). Embedding

A C Ek[X] defines a natural regular map v : X — X, & SpeckA. As soon as deg,k(X) =1, the

set X4\v(X) is finite and X4 contains a finite number of singularities. Thus, in the k-algebra
A we can choose an element d, for which the following statements are true

(a) the localization Ay oo Ald™'] € Q(A) of the algebra A with respect to the element d is
an integrally closed k-algebra;

(b) the localization (k[X])q is composed by all the algebraic elements over A, and any
ideal from Spec;, A, can be raised to an ideal from Spec,(k[X])q, in particular, to an ideal from
Spec, (Cnai)a-

By Proposition 1, where F' = Ad, G = (Cnyi)a, we conclude that Ay = (Cyyi)g = Cgq and we

have a chain of subalgebras 4 < Cy € C € B Y 4, = (Cn+i)a € Q(A) satisfying all the

conditions of Lemma on affinity of intermediate subalgebra. It completes the proof of Theorem
2 in the case when the k-subalgebra C' contains the identity element of k[X].

with respect to the derivation D% Bw +

Otherwise, we consider the k-subalgebra Ciq “risc , which, as proved above, is generated
by a finite subset of its elements: ¢; = \;- 1@ ¢; (i =1,...,m, m =m(C), ¢; € C, \; € k). But
then ¢y, ..., ¢, € C generate C. Theorem 2 is completely proved.
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Addunaoe ouapoBanme a0b6oi auddepeHTnaIbHO-aITedpanvdecKkoii KpuBoii.
(O mapamerpu3zanusix Kemnnepa, ITronzo u ®epma.)

Master Key

Annomayus. Ceil TeKCT, OTHOBPEMEHHO, U ajirebpandecKuii TuKOe3, 1 KAPTEe3UAHCKUN MACTeP-KIACC
(MeccumK, Tak CKa3aTh) JJisl HEBTOHOB, MJIATOHOB U UX MOCJIEJ0BaTENel. B HeM, B 4aCTHOCTH, U3JIaraeTcs,
moyemy y caerHoMmeproit nuddepentmanbuoit C-aaredper A 0e3 genuTeseil Hyis CTEMEHN TPAHCIEH IEHTHOCTH
1

CIEKTDP MAKCUMAJIBHBIX HIEATIOB SpeccA TOKATBHO aHATUTHYEH, T.e. i aio6oro C-romomopdusma ¥y @ A —

C

~ 0 m
(M € SpeccA) n a € A pan Teitnopa 1 (a) def S Yar(a™)Z umeer memymeBoii pasmyc CXOIMMOCTH,
m=0

m!
3aBHUCAIIUI OT 37eMeHTa a € A.
Kaouesnie crosa: muddepennnanbiasg aarebpa, adhduaHas KpuBas, MapaMeTpH3aIinsd,

CTEIICHHbIC PAAbI, aHAJIUTUIHOCTD.

ABTOpPBI CYHMTAIOT CBOMM JOJI'OM BBIPA3UTh IVIyOOKyro Osaromaphuoctb Mropio Pocrucia-
Bopuuy IlladapeBndy 3a ero Hem3MeHHBbIH HMHTEpPEC K pe3yJjbTaTaM HAIUX HCCAeI0BAHUI U
HOJJIEPKKY B pabore.

“Muwi - pearucmol, 6 He MUCTIUKU,
U 6 dugypax nam pasrolr Hem.
Aneebpaucmvr mul, He Pusur,

Moseu - naw enasnoiti uncmpymenm!”
U3z manugpecma JIBM.

HagreMm ¢ 0IHOTO HHTYUIUOHUCTCKOTO, YUCTO aarebpaniaecKoro TpIoKa, IO3BOJISIONIET0 Pas-
peIraTh HEKOTOPbIe TUIBI OOBIKHOBEHHBIX AudrdepeHNnaIbHbIX YPaBHEeHUH OTHOCHTEIBHO BXO-
JAIIEd B HAX CTapIieil TpOu3BOIHON.

Jlemma 00 addunHOCTH nTpOMEKYTOUHOIT mnomauredpsnl. [lycrh kKoHneuHo 10-
POXKIEHHAs KOMMYTaTHBHO-aCCONMATHBHAS 007acTh megocTHocTn A gaBastercs  anreOpoii
(c emununeit) HaJ MTPOM3BOABHLIM ajrebpamdeckn 3aMKHYTHIM mogem k& (chark =
0,2,3,5,7,11,13,17,19,23,29,31,37,...), a ee nosie yacTubix (A) umeer Ha k cTeleHb TPAHC-
neneaTHocTH, pasuyio 1. Torma ecim B menouke k-nomanredp A C C C B C Q(A) anredopor A
u B comepzKkar KOHEIHOE YUCI0 00pA3YIOIIUX, TO 3TO BEpHO U s mojgaareopor C.

JoxkazaTenbcTBo. Tak kak B mMmeer KoHedHOE 9HC/I0 00pazyomux, 70 C-CaeTHOMEpPHAs
k-anrebpa. Beibepem B C' snements {e;|i = 1,2,...} Tak, 91006 OHH AOTOJHSIN Oasuc k-
asiredpsl A g0 6aszuca C. Tlosoxum Cy def A, Ciiq def Cileit1], Coo B esible 3aMblKaHMs
(“mopmannzanun’) BceX STHX KOHEYHO MOPOKIAEHHBIX momaaredp B (Q(A) OGymem obo3HadaTh
Coy,Ch,...,Ci, ..., Cx, coorBercTBerHO. OBIEN3BECTHO, UTO KazK1asd TaKas Ioajarebpa mveer
HaJ1 k KoHedHoe 4ucj0 odpasyonux. bosee Toro, B Xo/ie JoKa3aTeabCTBa 3TOTO (hpaKTa yCTaHAB-
mmBaercs (e.|1]), aro C; kax Moaynb Hag C; KOHEIHO TIOPOXKICH H, CJIeJ0BATeIbHO, HeTepPOB.
ITokazkem, 4To BospacTaiomue nenoukn k-mogamreop {C;}, {C;}(i = 1,2,3,...) cTabuimsupy-
FOTCA.

IIpengoxxenune 1. Ecan B nenouke obnacreit nemocraoctn F C G C Q(F) k-moganre6psi
F u G umeror Koneunoe 4ucio obpasyiomux, F = F (r.e. F-uenozamkuyra), deg,Q(F) = 1, To
JIIST eCTECTBEHHOTO 0TOOpazkeHud v : Spec, G — Speck; [’ BRITIOTHAIOTCS CIIeIYIONIIe CBOHCTBA:

a) U - HHbEKTUBHOE OTOOPAKEHHUE,



6) ecau v clOpbeKTHBHO, TO G coBnajaer ¢ F,

B) (Spec, I') \ v(Spec,G) - KOHEUHOE MHOXKECTBO.

DTO ecTh TOYHBINH TEPEeBOJ HA SI3bIK KOMMYTATHBHON aaredpbl YTBEPZKJICHUS CJIEICTBUS 2
Teopembl 2 u3 naparpada 2 riaassl 2 mosorpadun [1] (em. cTp. 136).

13 cpoiicTBa 6) 3akjio09aeM, 9TO e/ C; #* C’i+1, TO HEKOTOPbIH MaKCUMAJIbHBLIA HJIealt
M € Spec,C; e momamMaeTca 10 maeana B Spec,Ciyi, a TOTIa U3 CBOHCTBA a) BHITEKAET,
aro M NCy € Speckc_’g HE NONHUMAETCH JI0 UIeaJId B Speckc_'oo. Ho B Cy B cuiy cBoiicTBa B)
KOHEUHOE YHCJIO0 MAKCHMAIBLHBIX HJCAJ0B, KOTOphIe He MOAHEMAIOTC 10 mueata B Spec,Ca.
CireoBaTesIbHO, B Bo3pacTaiomeil nenouke “sopmasusanuii’ Cp C C; C ...C,, C ... jaumb
KOHEYHOEe UICJI0 MECT, TJIe BKIIUeHHs crporue, T0 ecTh Oy = Cy; Il JOCTATOTHO GOIBIIOTO
NeN(@=12,..)uCyCC=C, C Cy. Ho kak 66110 oT™Medeno soime Cy KaK MOIY/Ih

najg Cy Herepos. [losTomy ero ONWiHO,ZLMOlLyJH) (' KOHEYHO MOPOXKJIEeH U JOJI2KeH COBIAJATh C
CN.q Astg HexkoToporo ¢ € N, 9To 10Ka3bIBaeT JeMMYy.

Orcioga 6e3 Tpya BBIBOAATCS CJEHAYIONIIE YTBEPKICHUS.

Teopema 1. Jlwbas KoHeuHo mopoxkiaeHHasi jgudpepennuaipuas k-aaredpa 0e3 jaesn-
Tejeil HyJIg W CTENeHW TPAHCIEHJIEHTHOCTH | WMeeT KOHEYHOe YHCJIO O00pasylolnX, Kak
KOMMYTaTHBHO-aCCOIMATUBHAS ajiredpa, B 4acTHOCTH 3Ta AudpepeHnuanbiasa k-ajaredpa Ko-
HEYHO OIpeIe/IeHa.

Caencrue. CrekTp MaKCUMAJIBHBIX HJICAJIOB SpeceA MPOU3BOJIbHON KOHETHO TOPOXK ICH-
HOit mudbdeperuanbHOil KoMMyTaTuBHO-accomuarupaoin C-anrebper A 6e3 gennreseil HyJs
CTeNeHN TPAHCIEHIEHTHOCTH 1 aHaguTudeH, T.e. aysg awoboro C-romomopdusma ¢y : A — C

~ o~ o
(M € SpeccA) mpu romomopdusme Teitnopa 1y : A — Cl[z]] (¢¥a(a) o > a(al™)Z) Bee

m=0

CTelnneHHbIe PAJABI CXOAATCA B HeKOTOpOﬁ OKPEeCTHOCTHU HYJIA.

Teopema 2. Ilycty X-nenpupogumas addpunnasg anredpandeckass KpuBas HaJ ajaredbpa-
WYeCKH 3aMKHYTBIM mojeM k, a k[X] - ee anreGpa perymsipubix dyuknuii. Torma sobast k-
noganrebpa B k[X| MOpoKIACTCS KOHEIHBIM THCIOM CBOUX TEMEHTOB.

CaeacrBue. [Iyctb nosie K umMeer creneHb TPAHCIEHIEHTHOCTH 1 Ha I ajqredOpanvdecKu 3a-
MKHYTBHIM T10J1eM k, a Der, K - anrebpa JIn Bcex k-puddepenmuposannit K — K. Torna ans

JIOOBIX ay,---,a, € K, Dy,---,D; € Der,K nauMmeHnblirasg KOMMYTaTUBHO-aCCOIUATUBHAA k-
nogairebpa A B K, mist KoTopoit aq, -+, a, € Au Dj(A) C A(i = 1,---,1), KOHEYHO TTOPOK-
JeHa.

[IpowatocTpupyeM CKa3aHHOE KOHKPETHBIMHU IIPUMEPAMH.

1. Muddepennuansabie anre6pu IMukapa (cm. [2]). ° 3agagum puddepenuain-
uyio C-amrebpy P o0pa3ylomuMu Zi,...,T, I N OUPEJCASIONHAMA COOTHONICHUAMMI: T, =
filzy,...,z,) (i =1,2,...,n), rae Bce f; - NpOU3BOIBbHBIE (DUKCHPOBAHHBIE IJIEMEHTHI AJTeOPBI
muorowrenos Clzy, ..., x,]. O4eBuano, 9T0 914 aarebpa He UMeeT Jeaureseil Hyas u P MOXKHO

def < )
peamusosarh Ha Clry, ..., z,], B3aB B kKavecTse quddepenmupopanns D = ) fiz-—.
i=1 !
Cuextp »3roit muddepennuanpuoii anredpsr copmagaer ¢ adp@UHHBIM TPOCTPAHCTBOM

C". I xosbbmmmenton paa Tefiopa ar(f) L 3 (D™ X floicon sucen - 22 (f €

m=0
Clxy, ...z, M o (v, ...,0p)) MraoBerHO BbiBoguTC oneHka |((D™ X f)|z=pm)/m!| <
n™a™!, e a-mMakcmMyM MOAyIsa 3Hadenuit gymkmuit f, fi,...,f, @ BCEX WX UYACTHBIX
IPOU3BOJHBIX HPOM3BOJILHOrO Hopanka B Touke M. CremopaTenbHO, BCe CTENEHHBIE -
el Upr(x1), ... Y (x,) cXooarcss B HEKOTOPOH OKpecTHOCTH HyJsa. PasenctBo ¥y (f) =
f({/;M(xl),...,{va(xn)) nokasbiBaer, 4ro s jgwboro f € Clzy,...,x,] psn {/;(f) CXOUTCS

5 Toka3aTeJIbCTBO CJIeJCTBUS TeopeMbl 1.



B TOH ke OKpecTHOCTH. Tak Kak /i0dast KOHETHO TOPOKIeHHAS KOMMYTATHBHO-aCCOMUATHBHAS
C-anredpa A ¢ pukcuposanubiv guddepennupoBannem D € Derc A sapisiercss romoMopdhHBIM

obpazom asnreopst [lukapa P npu noaxojsiieM Beibope n u fi, ..., f,, To Specc A TakxKe ana-
guTtudeH g aoboro D € DercA. 91o mokas3eBheT cieacTBue TeopeMbl 1.
2. “Pammonanbabie” aunddepeHiinanpbHo-aaredpandyeckme mnapaMeTpu3alinm

miaockuX adPUHHBIX HENPUBOAUMBIX ajiredpamydecKuX KpuBbiX. Obo3naunMm X g miIoc-
Kyt0 adDUHHYIO HEIPUBOAUMY IO arebpandecKyo KpuByo, 3a/auuyto ypastaennem H(x,y) =0
(H(z,y) € klz,y]). Hycrs k[Xy| - ee anrebpa peryasipubix GyHKIuii Haj agrebpandeckn 3a-
MKHYTBIM II0JIEM k MPOU3BOJIbHOM XapakTepuctuku. B pybpukax 2.1-3, 3 HaMu npernojaraercs,
9TO 3aJaBaeMble B HUX JnddepeHInaabHo-aaredOpaniIecKuMyI COOTHOIIeHuAMU quddepeHin-
asbHbIe k-aarebpbl (“mapaMerpusanuu’) ecrecTBeHHBIM 00pasoM cojepxkar k[Xpy| B KadecTse
HOﬂaﬂFe6pr. Pa3yMeeTCﬂ, 9TO JOJIZKHO HaKJIaAblBaThb HECKOTOPbIC OI'DaHUYCHUA Ha HEIIPpUBO/AM-
mbiii MmuOrOwIeH H (z,y). Cpa3y SBHO yKazKeM JJisl KasKI0r0 U3 9THX CJAydaeB HeOOXOnuMble
JIOCTATOYHBIE YCJIOBUS, 00ECTIEYNBAIONINE TAKOe BKIIOUEHNUE:

a) %—Ig % 0 B pyOpukax 2.1, 2.3,

6) -9 —i—y-%—fz Z k- H(x,y) B pyOpuke 2.2,

S\ 2 2
B) (22)" + (%—I;) # 0 B pyOpuke 3.

2.1. Oxnonopoxaennbie auddepeHuanibLHo-airedpandyeckue Kpusbie (goka3a-
TeJIbCTBO TeopeMsbl 1). Bamamum guddepeniuanbuyio k-aarebpy ¢ emununeii Wy asyms

00Pa3yIONIUMI W, Wi U JBYMs ONpeaesomuMu coorHomernamu H(w,wi) = 0, W' = wq, rae
H(w,w) - HeOpUBOAUMBIH MHOTOYIEH B klw,w;], s KOTOPOro g—ﬁ % 0. K coxasenuio, B

JIAHHBIA MOMEHT He M3BECTHO COJAEPIKUT JIM 9Ta KOMMYTATHBHO-aCCOIMATUBHAs ajredbpa je-
OH
muren Hydasd. Urobbl u30aBUTHCS (MpH Swr £ () oT TaKOro pojia BUPTYATBHBIX IJEMEHTOB,

def m
pacemorpnm B Wy muddepernmanbabit waeart Iy = {a € Wy| <§—ﬁ> ca=0m=m(a)} n

def ¢
nposokaausyem Wy no snementy d = g—ﬁ € Wy. Torna g1po KaHOHHYIECKOT0 roMoMopu3Ma
def
auddepennnanbubix anredp v : Wy — (Wy)y = {4|b € Wy} coBnanaer ¢ uneasom Ip.
def def 7 def def def

Homoxnm Wy = v(Wg), w = v(w), d = v(d), o1 = v(w), k[Xn] = klw,@]. Torna us
paBeHCcTBa W' = W BHITEKaer, uTo Wy muddepeHnnanipbHo MOpokKIaeTCs OJHUM 3JIEMEHTOM W,
a u3 papencrBa 0 = H' = %—fw’ + g—ﬁw” 3aksrodaeM, 9ro npu v : Wy — (Wy)g Bee s1emen-
ol v(Wy) = Wy nexar B KoMMyTaTuBHO-accornaTuBHOi mogaaredpe (Wy)q, TOpOXK IeHHOi

TpeMd JIeMeHTaMHd w, wy, d 1 = (g—ﬁ)_l.

Do nospossier peanusosarb Wy kak auddepennuanbuyio k-noganrebpy B moae k(Xpy),
e Xy mIockasg HempuBoanMas agduHHas aarebpanmdeckas KpHBas, 3aJIaHHAs YpaBHEHHEM

H(w,w;) =0 (g—ﬂ #0)), B3siB B KauecTBe quddepeniupopanus D o wi(Z — (aa—g g—ﬂ)%).

CreoBaTeIbHO, MBI HOJTydaeM menodky k-amre6p k[Xpy] C Wy € (Wy)g C k(Xy), yio-
BJIETBOPSIIOILYIO BCEM VCIOBHSM JeMMbI 06 adpGHHHOCTH IPOMEKYTOUHOH momanre6pst u Wy
KOHEYHO TopozkaeHa. OUeBUIHO, 9TO 410004 00HONOpostcdennan duddepenyuarvnas nodaszedpa
8 NPouseoavHoli dudeperyuasorot 06AGCTNU YEAOCTIHOCU (CMeNeHy MPAHCUEHOEHHOCT
pasnoti edunuue) aeaaemca zomomopdnvim obpasom Wy npu nodzodawem swbope H(w,w:)

g—ﬁ # 0). 9ro nokaseiBaer Teopemy 1 06 adbdunnoctu muddepeHnuaabHO-aIrebpaAnIECKIX
KPHUBBIX.

(Ocobo oTMeTHM, UTO MPOBEIEHHOE PACCYKIEHUe CIPABEITMBO U HAJ MOJSIMU TOJIOKHU-
TEJLHON XapaKTePUCTUKHU P, TAK KaK U3 PABEHCTB aaTHl =0, %—f = 0 caenyer, uro H(w,w;) =
(F(w,wq))?, a 970 TPOTUBOPEYUT HENPUBOAUMOCTH H.)

Basepimnm 3Ty pyOpHKY OJHOI He3aMbICA0BaTON (BO3MOYKHO HUKYEMHOI, HO 3aOMIHAI0-

teficst) Bepcueit Teopemsr 1.



ITpennoxkenune 2. Ecin B quddepennuanbHoit odb1acT negocTHocTH F' HaI aarebpante-
CKH 3aMKHYTBIM I1OJIEM k AJIEMEHTHI f n f/ CBA3aHbl HEKOTOPBIM HEHYJIEBBIM ITOJIMHOMUAJIbHBIM
coornomernem H(f, f') = 0 (H(x,y) € klz,y], H # 0), To A HEKOTOPOrO HATYDPaJbHOTO
apcna N “N-a npoussognas” fN) mosmHoMuaibHO BepazkaeTcs depes npeapiayime f, ', £,

Jf(Nfl)'

CaencrBue. Ecim na geiictBurensaom wuuTepBase (a,b) Geckomeuno muddepennpye-
Masi KOMILIeKCHO3HauHas GyHkuust f(t) spisiercs: pernerueM quddepeHuaibHOro ypaBHeHust
H(f,f')=0,rme H(z,y) € Clz,y| - HenpuBoaumbiii (HeHYI€BOI) NOJIUHOM, TO JJIsl HEKOTOPOTO
HaTypasbHoro uncaa N dyrknug fN)(t) mornmomuanbao BeIpazkaercs depes f(t), f/(t), f"(t),

L D).

2.2. KemniepoBbl ITapaMeTpu3annn ILIOCKOW KPuBOi. 3a1aauM guddepeHnuaabHyo
k-anreopy ¢ eamauieiit Gy obpasyoomumu x, y 1 aByMst guddepeHnnaabHbBIMI OLPEIe IO~
mu coorHorerusvu H (z, y) =0, zy — 2’y = o, tae H - venpuouMblii MHOTOUIEH B k[, Y],
JIJIsE KOTOPOTO T - 8H +y- ¢ k- H(x, y) , a0 # o € k (nanpumep, 0 = h/m.). Pazpemas
CHCTEMY ypaBHeHI/II/I 0= H’ = a - + -y, —yx' + xy = o orHocuTeBHO ', Y, HOTYyUaEM

/

L(x,y) - < g, ) =0 ( B?.{]:;/aiy ), rae L déf %—g cx 4+ <t 8H -y. Ecim wenpusogumas adpdunnas
kpuBasg Xy (3amamnas ypasuenuem H (z,y) = 0) aBasercs ma;LKoﬁ TO UJeaJst, IOPOXKeHHbILIl
%Ix{ , %I; B k[ X ] nosken coBnagarh co Beeit anrebpoit. [Tosromy a baH = 1 1711 HEKOTOPBIX
a, b u3 k[Xpy|. Caegosarensvuo, L - (—az’ + by') = o, T.e. smement C O6paTI/IM B G . Otciona
HeMe/JIeHHO caejyer, uTo Gy (Kak KOMMYTaTHBHO-acconuaTuBHas k-ajarebpa)

a) NOPOXKIAETCS CBOMME TpeMs djeMentaMu: x, y, L1

6) BryIajabiBaeTcs B moje k(Xpy) U He COMEPKUT JieJIUTeell HyJst;

B) peanu3syercs kak auddepennunanbhas noganrebpa B k(Xy) orHocutesnsHo auddepen-
nuposanus Dy Lt L_l(—%—ga% + %Zgy)

B obmiem cayuae He uckJodeno, 9to B Gy cymecTBytor jgeantenu nys. [lycrs [ - mpons-
BOJIbHBIN nuddepennuanbublii uuean B Gy, anst kotoporo Gy /I He UMeET TAaKUX 3JIEMEHTOB.
Homycrum, uro I mepecekaercs ¢ nopaarebpoii k[Xy|, nopoxkaennoit x, y B Gy HeHyJIeBbIM
obpaszom, Torja dakrop-anrebpa k| Xg|/(I Nk[Xy]) wyabmepuaa u obiaacts nesoctaoctu Gy /1
JoJiKHA coBnagarb ¢ k - 1, a 310 mporuBopedut tomy, uro xy — x'y = o # 0. Ecan ke
I NE[Xy] =0, o snement L € k[Xpy| ve pasen nymo B obaactu nesocraoct Gy /I w, noka-

mu3ys no L, nonydaem (Gy/I)e = (Gy)c/Iz. Crenoarenbro, umean I T0IKeH COBIAIATD €

uneasom [(H) = o {a € Gy|L™-a =08 Gy,m = m(a)}. DT0 TOKA3BIBALT, YTO CYIIECTBYET
eIMHCTBEeHHAS 00/1acTh netocTHoCTH G5, 3a1aHHas 06pasyoNMy T, y 1 (ByMs auddepeHu-
asbHbIMU cooTHONeHusiMu H(x,y) = 0, 2y — 2’y = o (0 € k, 0 # 0, L &€ k- H(x,y)) niaa
KOTOPOI BBIIOJHAIOTCA CBOUCTBA:

a) Gy BraaapiBaercd B k(X ) ornocutesnbho auddepennuposanus Dy Lot ~0(—%—ij% +
o 0.
oz Oy/? B B _

6) npu stom Broxkenun k[Xgy] C Gy C (Gy)r C k(Xg) n noxkanmsanusa (Gp)g, Kak
KOMMYTaTHBHO-aCCOIUATHBHAS k-aarebpa MOpoKIaeTca TpeMs CBOMMH dJeMeHTaMu .y, £

B) Gy - mpocTasa auddepennnaTbaad k-aarebpa I cUTHATYpHOe muddepeHInpoBanne He
ucyesaeT HU B OHOI Touke crekTpa Spec, Gy

GECJLU H = Hy+ Hi+ ...+ Hy, - pasaooicenue noaunoma H(x,y) na e2o 00nopodusvie Komnonenmaol, mo
x- 8:1: +y 8—H =0-Ho+1-H; —|— Am-Hp, 4 044 cAyuas vyse8ot Xapakmepucmury, 0CHO8H020 NOAA BKAOYEHUE
x- 81 H 4y 90 ¢ L. H(x,y) 603m09tcH0 Moavko 0as 00nopodnozo mmozowaena H(z,y). Ho us nenpusodumocmu
H emmemem wmo mozda H(x,y) = Hy, m.e. ypasnenue H(x,y) = 0 3adaem npamyro, nporodsuyr uepes
HAYAAO KOOPOUHAM.



Taxkum obpazom, Xg, = Spec, Gy - 3T0 Tagkas adduHHas HeMPHBOINMAs aarebpamdecKas
kpusas u Gy comepxur k[X7], rne X}, - nopmanusanus KpusBoit Xpgy. DTO HOKA3LIBACT UTO
Keraepor Habmonarens Gy MCKII0MaeT W3 PacCMOTPeHHs Bee HelnHeiidaThie BeTBH XY, a
HEMHOI'O CJABHHYBIIUCH U3 HadasIa KOOPIUHAT MOXKET 3aMETUTh BCe JIMHeHYaThIe.

Taxkoit nabmoaaTe b crnocobeH, 0003peBas KpUBYIO X g, IOCTYIHUTH 0oJiee paIuKaJIbHO: B30e-
2KaTh U3 Hadasa KOOpJAWHAT 1o Tpamoit x = 0 Ha rajaepky.

2.3 ITapamerpuzaium ITrouzo. Paccmorpum auddepeniuanbayio k-aaredpy ¢ eanHuIei
Py, 3apanuyto obpasyomuyu T, y u AByMs auddepernuaibabiMu coorHomerusyu H (z,y) =
0,2/ =c(c€k,ec#0), rme H(x,y) - HENPUBOIUMBISi MHOTOUJIEH, [JIsi KOTOPOTO %—I; Z 0. Ap-
I'YMEHTBI, IIPUBEJICHHBIE B TPEJbIAYIIUX ABYX IPUMepax, rapaHTHPYIOT, 9To B Py cymecTByer
eJINHCTBEHHBIH (BO3MOXKHO HY1eBO#) auddepennmanbubtii uaean I o {a € Py]| <‘9—H>m ca =0,

m = m(a)}, dpakrop- aﬂre6pa 10 KOTOPOMY HE COIepP:KHT meiamreseil Hytsa. O6o3naunm ee Pp.

Pasenctso 0 = H' = c+ aH y ITOKA3BIBAET, YTO JIOKAIN3AIN Py 110 SJIEMEHTY 5 3—H MOPOK T~

-1
eTcsd KaK KOMMYTATHBHO-aCCOIMATUBHAs k-ajredpa TpeMsi CBOUMH dJIeMEHTaMH T, 1/, <%—I;) )

a Py peasmusyercs kax jauddepennuanbias nogairedpa s noue k(Xy) ornocurensuo audde-

pernupoBanus D = D(H) = ¢ (% - (%—Ij %—5) u > Torna k[Xy] C Py C (PH)aH C k(Xp), a

B ciity ejuHcTBennocTH nueana I guddepennuaibuas k-aarebpa Py He ucue3aer HH B OJIHOI
Touke Spec, Py U Tak e, KaK W B IPeIBLIYIEeM TpaMepe X Py o SpeckPI_{ - 9T0 TIagKas ad-
dbunHasT HeNpUBOMMAas asredpanveckas Kpusas, s Kotopoit k[Xp | = Py conepxur k[ X,
rie XY - HopMmaqm3anust miocko#t kpusoit X¥. Tpu stom Py MCKTOWAeT W3 PaCCMOTDEHHsT
Te BeTBU KpHUBOil X}, JI/Ig KOTOPBIX IIPOEKITHA KacaTeJbHOH Ha II0CKOCTh Oy mapaJsiiesbHa
npamoit © = 0 (BKJII0Yasi U HeIHHeHIATHIEC BETBH).

2.4. OGwmii ciyyaii: <D =5 (%—56% - %—g%)) . k(Xy) — k(Xy) paccmarpuBaercs
anajorngHo 2.1 - 2.3.

3. ITapamerpusamuu Pepma (HarypanabHbIil apaMmerp). Sagaganm auddepeHinath-
Hyto k-anrebpy c equnuteil Fy 06pa3yiomuMu T,y U IBYMs OIPE/IEISTIONUMI COOTHOIICHUSIMHU
H(x,y) =0, (z')*+ (/) = ¢® (char k # 2,0 # c € k), tne H(z,y) - HeIPUBOAUMBIi TIOJIHHOM,
JUTsT KOTOporo A = o (%—5)2 - (%—5)2 % 0. O4eBuHO, YTO CHTHATYpHOE AU DepeHInpOBaHIE HE
ncde3aeT HU B OJTHOM TOUKe cleKTpa Specy Fy k-anrebpsl Fiy, M03TOMY €cii MBI TIOKazKeM, 9TO
110601t roMoMOpdHBI 06pa3 Fy aare6pnl Fi, He comep:KalIdil TeinTeseil HyJsd, UMeeT HaT,
k cTemeHh TpaHCIEHJCHTHOCTH PaBHYIO 1, To Fj OKasKeTcs MPOCTOH KOHEUHO OTpeeJeHHON

juddepennuanbuoit k-aaredpoit ¢ anajutTundeckum cruektpom. Ilycrs ¢ @ Fy — Fy - coorBer-

CTBYIOLIUN SUUMOPdU3M U T o o(x),y o o(y), k[ X g|-anrebpa perynspupix dyHKIuil mI10ckoi

addunnoii kpusoit Xy, sanaunoii ypasuenuem H(z,y) = 0. SIcuo, 7 uro k[Xpy] uzomopdua
k-miomanrebpe, nopoxaennott x, y B Fy n k[Xy| NKerg = 0 (B npoTuBHOM C/Tyuae HyTbMepHast
noganrebpa ¢(k[Xpy|) mopoxknana 661 Fy u &',y noaKubl ObLIN OBITH PABHBIMHU HYJIO, & 9TO
nporuBopeant pasencTBy (') + (y)? = ¢ # O) Pagenctsa aH =0, %I; = 0, BO3MOXKHBI, €CJIH
char k = p > 0, Ho B cuny Henpusoaumoctn H(x,y) au6o %—I; ;é 0, smbo %_ny = 0.

. def -
Paccmorpum cayydaii, Korjaa %—Z %= 0. Torna d = ¢ <B—H>— HEHYJIEBOI 3/IeMEHT B 00J1acTh

nesoctHocTd Ly u w3 pasencrs 0 = ¢(H') = ¢(% )z + qﬁ(aH)y u ()% + (¢')? = ¢ nonyuaewm,

" Henocpedcmeenno nposepsemca, wmo pasencmeo H(z,y) = 0 eaevem 0 = H = o' - 2L 4/ aw 6
2 2 2 2
wacmuocmu, x’ -(%—I;) =y ~(%—Ij) 2

2 1/2 1/2
2. (%’;’), LA = (813) TamnanA;éO,mouspaeeHcmeaA:(%—I;—f—(—l)/ ~%—§) (% — (- 1)/ ~%—ZI)

evimeraem, wmo mmozousen A ne deaumca na H(x,y), mo ecmv A # 0 6 k[Xg| u (7')%, (¥)? € k[Xu]a C
E(Xg).

. Omxyda, yuummeasa coommowenue x'> +y'? = 2, caedyem, wmo x’ 2.A=



aro i = —(¢(%L)/d)z, (Z)*(1 + (¢(%2)/d)?) = ¢* B mone wactubix Q(Fy) anrebpsr Fiy. 13
MOCJT€/THETO COOTHOIIEHUSI CJIEIyeT, 9TO

a) k-nomasnrebpa F, OpoxKIeHHAs T, ¥, T', § COMEPKUTCA B “KBaJAPATHIHOM paciiupeHun”
nons ¢(k(Xp));

6) 2 g € Q(E)(i =2,3,...).

DTo J0KazbiBaeT, uTO 0baacThb mHemoctHoctd Fy comepxutea B Q(E) u degyFy =
deg, Q(F) = 1. o Teopeme 1 KOMMyTaTHBHO-acCONMaTHBHAA k-anrebpa Fj mopokiaeTcs Ko-
HEYHBIM YMCJIOM CBOWX 3JIEMEHTOB M KOHEYHO OIpeje/ieHa Kak auddepenimaibias k-aaredpa.

Tak kax curmarypuoe juddepennuposanne ' e ncyesaer Hu B 0AHON Touke Xp, o Spec, Fy,
to Fy - nenozamkmnyras k-anrebpa u Fy comepxur k[XY ], tae X}, - nopmannsamus Kpusoii
Xy.

4. Headbdbunnabie nuddepeHnnaaibHO-aJredpandecKkue moOBEPXHOCTH CYIIECTBY-

oT. 3aganum quddepennuanbuayio C-anrebpy E (¢ eqununeii) o6pasyonmMa T, y U ompe-
/ 2 _ def _ def

Jenstiormumn cootHormennsvu @ = 1, 2%y + y — x = 0. Toaoxnwm, z(z) = z, y(z) =

o

S (=1)™m! - 2™ nopoxum Z, § B cremennmx pagax C[[z]] mudbdepenmmamsayro C-

m=0

noganredpy E orHocutensho auddepennupoanns . HenmocpeacTBeHHAs] IPOBEPKa OKA3bI-

Baer, uro 2 = 1, :EQ% +y— 2 = 0 B C[[z]]. Tosromy obaacrb nejsocraoctu E sBisiercs

romomopdrbM obpasom E mpn ¢ : E — E (¢(x) = Z, ¢(y) = §) m MBI TOCIe10BATETBHO
OJTy daeM

a) Kergp ={a € E|lz*™ -a=0 (m =m(a))},

6) 1uist MakcuMasbHOTO ujeana M € SpecCE’ , SIBJISIONIEroCs] IlepecedenneM F ¢ e IMHCTBEH-

HBIM MakcHMaabubiM uaeanom s C[[2]], mpn romomopduame Teiinopa ¢y : E — C[[z] mveem
JM(:?:) =T, JM(Q) = jj, T.e. Spece E meananutnden B Touxe M;

B) 7, § anrebpaudecku nesasucumbl na C (B upoTusHom ciaydae F cosuajana 6bl ¢ HEKO-
Topoii mapamerpusanueit Iliouzo Py (H(x,y) € Cla,y]) u SpeceE 6bl1 6bl aHATUTHYHBIM);

r) E MoxkeT GbITh peaqn3oBana B mosie panuonanbubix dbyukuuit C(x,y) kak nuddepeniu-
L2

Takum o6pasom, jauddepennuaibuas obiacts nesocruocru £ umeer naj C crenens Tpanc-
IEHIEHTHOCTH PABHYIO 2, €e CIIEKTD MaKCHMAJIbHBIX H1eaJI0B He aHAJIUTHYEH U, CJIeI0BATEIbHO,
KaK KOMMyTarnBHo-accoimuarnsuas C-asire6pa, F He MOMKET HOPOKIATHCH KOHEUHBIM YHCIOM
CBOHUX 3JIEMEHTOB.

MpI ocTaB/IsgeM YATATEII0 B KAUeCTBe YIIPaXKHEHUs NPOBEPKY emne IByX cBoiicTB C-aireOpsor

anrbHasg C-moganrebpa orHOocuTe bHO auddeperupoBanusg [

E:

n) Clz,y] C E C Clz,y,27"] C C(z,y);

e) F - npocras quddepennuanbias C-anrebpa.

5. okazarenbcTBO TeopeMbl 2. Tak Kak anrebpa k[X| KOHEIHO MOPOKIEHA, TO €e MPo-
u3BoJibHadA k-noganredopa C' cuerHoMepra. Eciu C' conep:KuT e IMHUIHBIN 3J€MEHT aJreOph
k[X], To BeiGepem B C' Gazuc {e;li = 0,1,...} Tak, 4T06bI €) 1. Moo Co © g €0,

Ciiq o Cileis1] (1 =0,1,2,...). Tak kak nose k anrebpanvecku 3aMKHYTO, TO k-asirebpa C)

n3oMopdHa anrebpe MHOrOUIeHOB keq]. PacecMoTpnM BO3pacTaloNy o MenovYKy noJiei 9acTHhIX
Q(C;) k-anrebp C;. Tak kax k[X] koneuno mopoxaena u deg,k(X) = 1, To none k(X)) apagerca
KOHEYHBIM pacumpenneM noanod Q(Ch) u dimge)@Q(C;) < dimge)Q(Ciyr) < dimge)k(X).

CaemoBaTebHO, Bo3pactaomas menouka mnoseit Q(C;)(i = 0,1,2,...) crabunusupyercs, Ha-

qnmas ¢ mekotoporo momepa N: Q(Cy) = Q(Cnsi)(i = 1,2,...). Tomosxmm, A < Cy,

torma Q(A) = Q(C) C k(X) m Baoxkenne A C k[X] 3amaer peryaspuoe orobpazkenne
v X o X, ¥ Spec, A. Tak kak deg,k(X) = 1, ro muO)kecTBO X4 \v(X) KoHEUHO M X4



COIEPKHUT KOHEUHOE UHCJIO 0COOBIX Touek. Ilosromy B k-aarebpe A MOXKHO BBIOpATh Takoil

3JIeMeHT d, 4TO

a) Jokanmsanus Ay o Ald™'] € Q(A) amrebpnt A mo saementy d - memxo3aMKHYTas k-

asarebpa;
6) soxanmzanus (k[X])g cocrout u3z anreGpanveckux Hag Ay 31eMeHTOB n J11060ii neast u3
Spec, Ag mogauMaerca 1o upeana u3 Specy (k[ X])q4, B wactooctH, mo uueana u3 Specy (Cyii)a-

[Tpumensisi npegiokerune 1 npu F = Ay G = (Cnyi)g, 3akmouaeM, 910 Ay = (Cyii)a =

Cy m MBI mOJy9aeM HemnouKky momasuredp A def Cy CCCB def Ag = (Cnii)a € Q(A),

YJIOBJIETBOPSIONLY IO BCEM YCJIOBHAM JieMMbI 00 apUHHOCTH MPOMEZKYTOTHOU MOTAJIreOphl. DTO

3aBepliaeT J0Ka3aTeJbCTBO TEOPEMBI B ciaydae, Korna k-moganredpa C cOmep:KUT eTUHUILY.

B nporuBHOM ciiydae paccmorpuM k-mmoganredpy Cig | @ C, koTopas 10 yKe JOKa3aH-

HOMY TOPOXKIATCS HEKOTOPBIMU CBOMMHE 3JieMeHTaMu €; = \; - 1 B ¢; (1 =1,...,m, m = m(C),
¢; € C, \; € k). Ho torma cy, ..., ¢, € C nopoxaawor . Teopema 2 MOJTHOCTBIO JOKA3AHA.
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