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I'nasa 3.
Cootnoitenusa Kanesin
1 UX IpUMeEHEHHne
B auddepeHiuaibHOi ajreope.

3.1 HpOCTbIe n MaKCUMaJIbHbIE naeaJibl B CYEeTHOMEPHBIX
KOMMYTaTHNBHO-aCCOIINATNBHBIX aﬂre6pax Ha/Jd IIOJIAMU R u C.

Ob6osnaunM k anrebpamdeckoe 3aMbIKaHUE TOJIA K.

IMpennoxenne 3.1.1. Jlaa m060t Kommymamusno-accoyuamuenots k-aszebpee A npu neny-
nesom k-zomomopgpusme o : A — k k-nodaszebpa p(A) 6 k asasemes nodnosem, 8 4acmmocmu,
adpo Kery - npocmoti udeas 6 k-anzebpe A.

Joxazamenvcmeo. Jloboit nemymnesoit snement ¢(a) B k apagerca anrebpamdecKuM Hag k,
qepes f(t) € k[t] obosHaumm ero MEHUMATLHBIH MHOTOUNeH. Tak Kak B k Her memmTesieit
uyas, f(0) # 0. CrenoBarenbho, k-mogajarebpa, MOPOXK/IEHHAsST JIEMEHTOM ¢(a) COIEPIKUT
enunuity nosist k. Bosee Toro, samucas muorowren f(t) B Bume f(0) + ¢ - g(t), us paBeHcrsa
f(0)+p(a)-g(p(a)) = 0 sakmogaem, aro —g(p(a))/¢(0) obparTHbLii seMenT K @(a), comeprxKa-
muitcs B k-noganrebpe k[p(a)] nons k. O

ITpennoxkenue 3.1.2. Jlobas npocmas KOMMYMAMUEHO-ACCOUUAMUEHAA ar2ebpa A Had no-
aem k codeporcum eQUHUMHDBLT INEMEH U ACAAETNCS TONEM.

Jokasamenavcmeo. Tak kak A — mpocrtas k-anredbpa, TO B Heil HeHyJIeBoe yMHOXKeHHUe, 1 B A

HET naeaioB KpoMe HYJIEBOI'O U camoii A. C.HG,ZLOB&TGJII)HO, JJIA JII000r0 HEeHyJIeBOI'o 3JIeMEHTa

a € Aunean A-a aef {d-a|d € A} nnm paBen nymo, niu copnagaer ¢ A. Ecim A-a = 0, 10

OJTHOMEPHOE TTPOCTPAHCTBO ka sIBJIIETCA HEHYJIEBBIM HJICAJIOM, TO ecTb ka = A. OHako, B 9TOM
cayaae A-A=A-ka=A-a =0, 10 ectb B A nynesoe ymuoxkenne. Takum obpazom, A-a = A
qutst Bestkoro a # 0. [losromy a € A-a u e - a = a jyia Hekoroporo snementa e € A. Ho Torma
Vb € A = A-a nmeer MecTo TipeicTaBiaeHne b = ¢ - a, oTKyfaa e - b = ¢ - e - a = b. 3nadur, e —
e MHUIHBIH 3;1eMeHT B A. Bostee Toro, e € A = A - a, 1o ectb € = d - a 111 HEKOTOPOTO d € A,
T.e. JIIOOOI HeHyseBoil s1eMeHT B A nMmeer oOpaTHBIIA. O

Teopema 3.1.1. Ilycmv M — makcumasvhoili udeas KOMMYMAMUBHO-ACCOUUAMUBHOT k-
anzebpol, ¢ edunuuet A. [Tyemv maxowce k-pasmeprocmv A menvwe mousnocmu noas k. Tozda
daxmopanzebpa A/M ssasemcea nosem, 6 Komopom 4106017 anemenm anzebpauver Hao k.

Jloxasamenvcmso. Pacemarpusas Bmecto A amrebpy A/M, moxuOo caurars A monem u M
HYJIEBBIM HJI€aJIOM. PaccMoTpuM mpous3BOJIbHBIN a € A. MomHocTs MHOKECTBa, {ﬁm € k;}
npeBocxoauT dimy A. 3HAYUT, MEXKJy 3JeMEHTAMHU 9TOI0 MHOXKECTBa €CTh JIMHEHHAs 3aBUCH-
MOCTDL HaJ k:

o= P P pla)
a— a—a, (a—ai)...(a—ay)
rie p(x) € klz]. Takum obpaszom, p(a) = 0, To ecThb a anrebpanden Haf k. O

CaencrBue 3.1.1. ITycmov k =R, C u A cuemnomepra 1nad k. Toeda drs 106020 makcumaib-
nozo udeasra M C A nose AJ/M usomoppno R uau C.



CaencrBue 3.1.2. [lycmv pasmeprocmo k-aszebpor A menvwe mouynocmu k. Jas a106020
HEHUABNOMEHMHO020 anemerma a € A, cywecmeyem maxot k-ezomomoppusm ¢: A — k, npu
xomopom p(a) # 0.

oxaszamensvcmeo. Paccmorpum 1ienouky k-romoMopdu3Mon

€ _11 € _ £ =

A Ala )X Ala™ /M C k,
rye Ala™!] — nokanuza opbl A M - -
Ji st aaredpsl A 110 HEHUIBIIOTEHTHOMY 3JIEMEHTY d, IIPOM3BOJIb
HBII MaKCUMaJIbHBI niean k-aare6pol ¢ exununeit Ala!], e — moboe Bioxkenue ajreGpante-

. def
ckoro pacrmuperns Ala™!]/M mons k B k. Torma ams k-romoMopdusMa ¢ = €0 &)1 0 &,

o(a)-(eoey(a™)) =coepy(ea)-at) =coe(a/a) = 1.

Crenosaresbio, ¢(a) # 0. O

CaencrBue 3.1.3. I[lepeceuenue scex npocmux udeanros k-arzebpo, A, pasmeprocms Komopot
CMPOo20 MEHDBULE MOUWHOCTIU NOAA K, cosnadaem ¢ naubosvwum 6 A udeasom, cocmosusem u3
HUNADNOMEHMHBLL INEMEHMOE.

3.2 KommyTaTuBHBbIE aJIreOpbl ¢ oJHUM AudpepeHnTnpoBaHIEM.

Onpenenenue 3.2.1. k-muHeitHoe oToOpazkerne [ KOMMYTaTHBHO-ACCOIMATUBHON k-areOpbl
A B cebs HasbiBaeTcs Juddeperuyuposaruem, ecim OHO YIIOBJIETBOPSIET TOXKAeCTBY JleiOHuIA:
D(ab) = D(a)b+ aD(b). Anrebpa ¢ BoiienenabiM quddepeniupoBaneM HasbiBaeTcst dudgpe-
peryuarvrot. Pesynbrar npuMenenust qudpepeHnupoBaHusd K 9JIeMEHTY ¢ Mbl OyjgeM 0603Ha-
Jarh depes a'.

[TonmuiMHEHBIMU CUTHATYPHBIMU OTlepanuamMu JiuddepeHImabHON aareOpbl ABISI0TCA Ou-
JinHeitHOe yMHOXKeHne *: A ®p A — A u nuHelinas yHapHas onepanust D: A — A.

Omnpenenenne 3.2.2. DjeMeHT a € A Ha3pIBaeTCst KOHCTAHTOM, ecau a' = 0.
Jlerko Bu1eTh, 9TO KOHCTAHTHI 00pa3yioT moaaareopy. B ciydae Korma A — mmojie, KOHCTAHTHI
00pa3yroT MO0 IeE.

Onpenenenue 3.2.3. l'omomopduzmom muddepentmaibhoit k-aaredbpor A; orHOCUTETBHO k-
muddepentupoanust D1 B quddepentnuanbayo k-anredbpy As orHOCHTE/NBHO Do HA3BIBAETCS
k-nmneiinoit orobpaxkenune ¢: Ay — Ay, Ipu KOTOPOM

©(Dy X ar) = Dy X p(ar), @(a *az) = p(ar) * p(as) (ay,as € Ay).

B nanbreiiiem Mbl orpaHHYnBaeMcs paccMoTperHneM guddepeHnnalbHbIX aaredp Hal 10-
JIeM JIeiCTBUTETbHBIX U KOMILIEKCHBIX UHCET.

ITpumep 3.2.0. A = k[[t]] — anrebpa dopMasbHBIX CTEIIEHHBIX PSIJIOB OT IEPEMEHHOI ¢ OTHO-
CUTEJIbHO CTaHIapTHOrO auddepennupoBanns D aof %. Ota ayrebpa He COIEPKUT JeTuTe e
HyJIsI, & €€ T10Jie YacTHbIX coBiaaetr ¢ k((t)), anrebpoit popmasbabix psios Jlopana. B anre6-
pax k[[t]], k((t)) Her HeTpuBHANBbHBIX KOHCTAHT, T.e. ecau - f(f) = 0, 10 f(t) € k. B anreGpe
A Bce mjealbl ABJISAIOTCA IaBHbIME (HeTpuBHasbuble umeoT Bujg A -t (i € N)), a Tak Kax
OCHOBHOE T0JIe k MMeeT HyJIeBYIO XapakTrepucTuky (D X t' =i - ti=l£0,i=1,2,.. .) B A Her
HeTpUBUAILHBIX quddepeHnnajlbHbIX naeaaoB. Takum obpasoMm, auddepenuanbaas aaredbpa
k[[t]] siBasteTcst mpumepoM tpocToit juddepeHuaibHoil aarebpsl ¢ eaunuieii. Ocobo orMeTnM,

aro sno6oe sucddepennuposanue amre6pst k[[t]] uveer sux f(t)L, (f(t) € K[[t]]).
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IIpennoxenune 3.2.1. Ecau chark = 0, mo pade Jlopana fi(t),..., fu(t) € k((t)) aunetno
sasucumst Had k moada u moavko moeada, xKoeda onpedesument

fi f2 o
/ / !
fiyeeos ful /i fooee pasen nyao.
1(nfl) f2(n71) . f7(Ln71)

Jlokasameavcmeso. CormacHo mpemiozkenuto |7, prop. 2.8| snements! quddepeHunaibHOro mo-
JIsl JINHEHO 3aBUCUMBI HaJ II0JIEM KOHCTaHT TOTI'JJa M TOJIBKO TOI'la, KOI'Ia COOTBGTCTBYIOHH/Iﬁ
olpeJIe/INTE/Ib paBeH HYyJ0. Tak Kak 1oJie KOHCTAHT psijioB JlopaHa coBmajiaeT ¢ OCHOBHBIM
IOoJIeEM, YTBEPK/IEHUE TTPEJJIOYKEHNS CJIeyeT OTCIO/Ia HATIPSIMYIO. O

IIpumep 3.2.1. A = H(D) — anrebpa Bcex roioMOpGHBIX (DYHKITHHA OT TIePEMEHHOM z, OIpe-
JleJIeHHBIX B HeKoTopoit obsiactu D C C. U3 snementapHoit Teopun hyHKIUNE OJTHONO KOMILIEKC-

HOI'O IIEPEMEHHOIO CJIeJIYEeT, UYTO BCe Takue PYHKINN OECKOHEeYHO auddepeHnupyeMbl OTHOCH-
TEJILHO %, HEIIPEPBIBHBI U B £-OKPECTHOCTH JII000i Toukn 2y € D psa Teitiopa 1000it Takoi

dyHKIIMN cxoauTea K Heil camoil. B wactHOCTH, A He comepKuT genmTesieil HyJIs U ABJISETCS
00JIaCTLIO 11EJIOCTHOCTH.

IIpumep 3.2.2. A = k[z1,...,2,] (k = R,C) — anrebpa MHOrOYJICHOB OT 71 HEPEMEH-

ueix. JIoboe muddepennuposanue D: A — A 0JHO3HATHO OIPEEISIETCS CBOUME 3HAUe-

HUSIMUA HA X71,...,T,. lpu stom, ectu D X x; = fi(xy,...,z,) € A (i = 1,...,n), 10
n

D = > filx,... ,xn)%. [Iycts (0 — mpousBosibHBIN T depeHInaababil k-roMOMOPGU3IM
i=1 '

muddepentmaibaoit k-anrebpel A orHocuTesibro D B auddepennuaibuyo k-aarebpy k[[t]]
ornocurensto <. Torna cremennsle psapl ¢(z;) (i = 1,...,n) oT uepemeHHoil ¢ ABIAIOTCS
dopMaJIbHBIMU PEIIEHUsIMI CUCTEMbI OOBIKHOBEHHBIX (D DepeHIInaaIbHbIX yPaBHEHUI

L o@)) = (oD x ) = p(fila, ... 2a))) =

= filp(z1),...,0(zn)) 1=1,2,... n.

U3 Teopembr C.KoBajIeBCKO#l BBITEKAET, UTO 3TU CTEICHHBIE PSJIbI CXOJSTCS B HEKOTOPOI
OKPECTHOCTHU HYJIA K PEIIEHUIO CUCTeMbI TudhepeHnnaabHbIX ypaBHEeHUI

d )
&$i:fi(l‘1,...,[£n) (1=1,...,n)

¢ HavdaJIbHBIM ycaoBreM x;(0) o o(24)],— -

Caencrsue 3.2.1. I[Tycmv A — KOHEUHONOPOAHCOCHHAA KOMMYMAMUCHO-ACCOUUAMUCHAA Q-
2eopa nad R uau C, D — npoussorvroe eé duppepenyuposarue. Tozda dan aobozo dugpgdepen-
yuaavrozo k-zomomopdusma : A — C[[t]] (p(D x z) = Sp(a)) 6ce cmenennvie padu o(a)
(a npobezaem A) cxodsmes 6 nexomopot okpecmuocmu wyas noas C.

oxasamensvcmeo. OBO3HAYTUM a1, . . . , Gy, TOPOXKIAIONMNE 1eMeHThl ayredpbl A. Jluddepen-
mupoBanne D: A — A TOJIHOCTBIO OIPeIe/IAeTCsT CBOUME 3HAYEHUSIMUA HA (1, . . . , Ay, KOTOPHIE
MOJIMHOMUAJILHO BBIPAYKAIOTCA I€PE3 A, - - . 5 Gy -

Badukcupyem MHOTOWIEHBL f1, ..., fm € k[T1, ..., Tpy], 118 KOTOPBIX

D xa; = fi(ay,...,an) (i=1,...,m)
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= def & _
Homoxxum D = S fi(xy, ... ,xm)ﬁ. Suumopbusm ¢ : kl[zy,..., 2, — A, npm KoTopom
i=1 ‘
o(z;) o a; aBJsiercsi romomMopdusMom jinddbepeHnuaibHoit anredbpel k[, ..., x,] orHOCH-
renbHo auddepentmpoBanust D Ha auddepentmanbuyio k-anreopy A ornocurensuo D. Jleii-

CTBUTEJIBHO, JIst JIE000r0 g € K2y, ..., Ty
x1:a17---,xm=am)

i (& (2
oD x g(@y,...,zm)) = 90(‘ 13_51]0%(1'@,,%”)) - Zl<3_fz
filar,....am) =D x g(ai,...,an,) =D x @(g).

CremoBarenbio, Kak ObLIO oTMedeHO B mpumepe 3.2.3 cremenusie psapl o(@(z;)) (i =
1,...,m) CXOAATCS B HEKOTOPOW OKPECTHOCTH HYJISL.

]

IIpumep 3.2.3. A = C*(a,b) — R-anrebpa Geckoneuno nuddepeHnupyeMbix byHKIHE OT
OJIHOIT JieficTBUTEILHON TIepeMeHHol ¢ Ha unTepBase (a,b) C R OTHOCHTENLHO €CTECTBEHHOTO
nurbdepeHIupoBaHus %. Od4eBuiHO, 9TO B 9TOH ajredbpe ecTh JeJIUTeIN HyJ/Isd, HO B Heil HeT
HIJIBIIOTEHTHBIX 3jieMeHTOB. HecMoTpst Ha 6ojiee UeM 9eThIPEXBEKOBYIO TPA/IUIIUIO MCIIOIB30-
BaHUs ITON aJredPhl OTHICKAHUS PEIIeHU OOBIKHOBEHHBIX (DM EepeHITNAIbLHBIX YPABHEHUIT,
OHa He SBJISETCS eCTECTBEHHBIM 0ObeKTOM (B oTmdue or airebp u3 npumepos 0,1) s mpes-
CcTaBJIeHNs KOHEYHOIIOPOXKIEHHBIX AnddepeHnuajibHbiX k-airedp. VI3BecTHO OrpoMHOe KOJIH-
gecTBO mpuMepoB dyukmuit z(t) € C>(a,b), misg koropbix eé ps Teitopa B KaxkI0il TOUKe

to € (a,b) me cxomurcs K x(t) HU B Kakoil e-okpecruoctu to. Hanpumep, psu Teitopa dyHK-
def X _/oF
man f(t) = S eV cos(28t) pacxommres B moboit Touxe ty € (—o00,00). Ho u 31ech Teopema
k=0

C.KoBaJteBckoit 1 cjie/icTBIE U3 Hee MO3BOJIAIOT HAIIYIIATh MTOIX0J] B 3TOM DOJIOTE.

IIpennoxenune 3.2.2. [lyemwv 6 kaoicdoti mowke ty € (a,b) pad Tetinopa dynwyui x(t) €
C>(a,b) ne cxodumca ® x(t) nu 6 xKaxol e-oxpecmuocmu ty. Toeda Jupgpepernyuanvran R-
nodanzebpa, noposcoénnan x(t) uzomoppna c60600not Juddeperyuarvnot anrzebpe parnea 1,
mo ecmo dynxyuu (1), 2/ (), ..., 20 (t) arzebpaunecku nesasucumv nad R.

,ZLOK&S&TG.HLCTBO OCTaBJIACTCA YUTATE/IIO B Ka9€CTBE YIIPpaKHEHUA.

IIpenagoxxkenne 3.2.3. Paccmompum konewrnonopostcdernnyro duddepenyuanrvryro nodarzedbpy
A C C*(a,b). Hatidemca unmepsan (ar,b1) C (a,b) makod, wmo das 4106020 unmepsaa
(ag,b2) C (a1, by) nodanzebpa A |(4,p,) usomopgna A |4 b,)-

Boaee moeo, anzebpa A |(q, p,) ABAALCA 00AACTDIO UYECAOCTIHOCTIU.

Jlokasamenvcmso. Tlpeanonoxum nporusaoe. Tora cymecTByeT remnovYka nHTepBasos (a, b) D
(a1,b1) D (ag,by) D ... Takas, uro orobpaxkenue cyxKeHusd A [, o= A |(aij1 bisy) IME-
er HeTpUBHAJIbHOE A1po i Beex i. Ilycrb A mopoxK/aercs sjieMeHTaMu dg,. .. ,a4,. Jdepes
R{z1,...,x,} 6yaem obosHadars cBobo/ Y0 nuddepeHnnaabayo aarebpy oT n 00pasyonmx
(em. [4][ctp. 9]). Kaxomy orpanmuennio A |, p,) coorBercTByeT miean I; — spo snmmMop-
busma f;: R{zy,...,2,} = A |, e fi(z;) = a;. Bamernm, uro uieanst I; obpasyror
Bospactatoryio nenb [ C Iy C I, C .... OxHako, Tak kKak ajarebpa C(a,b) He comepKuT
HUJIBIIOTEHTOB, BCe [; PAJMKAIBHBI, YTO HEBO3ZMOXKHO 110 Teopeme Purra-Ponenbyma ([4][reop.
7.1]).

Jlj1s1 ToKa3aTesbCTBa BTOPOTO YTBEPXKJICHUS TIPEJIIIOJIOKIM, YTO HAIILIUCH HEeHyJIeBble f, g €
A |(a1,6,) Takue, uro fg = 0. CymecrByer unrepsai (as, by) C (a1, by) Takoit, aro f(x) # 0 Bo
BceX & € (ag,by). Torma g nexur B aape romomopdusma cyzxenus A |, p)—> A |(as,by)s 9TO
IPOTHBOPEYUT BBIOODY (a1, by). O



3.3 Texnuka romomopdusmon Teiistopa.

B srom maparpade Bce paccmarpubaemble guddepeHnnaibable k-aareOpbl sIBISIIOTCSI CUYeT-
nomepubivu 1 k = R, C. Oboznaunm 1gepe3 Spec;, A ClleKTp HPOCTBIX UEAJIOB k-ajiredpn A.
CortacHo pesyibratam pasjena 3.1, ms jroboro upeasta M € Spec, A dbakrop-anaredpa A/M
spiisiercs mojiem, nzomopdubiM R wim C. Ilyers ¢: A — C — npousBoJibHbI k-roMoMOphU3M
k-anreGpsr A B C. st moGoro simementa a € A onpenennm crenensoi ps ¢p(a) € C[[t]] mo

dopmyie:

. of — . t
la) =Y (D' x a),
i=0 ’

rie D — k-nmuddepennuposanne A.
W3 sToro onpejesenns HEMEIJIEHHO CJIELYeT, YTO

Y(ay * az) = P(ar) * P(az), Y(D xa) = % (a)
JUIsE JIIOOBIX 9JIEMEHTOB a1, G, a ajredpul A. To ecrb k-nuneiinoe orobpazkenue 1/; A —
C[[t]] saBnsiercst k-romomopduzmom auddepennuanbhoii  k-anarebper A orHocuTesbHO K-
muddepentmposanns D B auddepenimanbuyio C-anarebpy crenenubix psaos C[[t]] ornocu-
TeIbHO k- depeHmpoBanus %. OtoT muddepennuaabubiii k-romoMopdu3M MbI OyIeM Ha-
3bIBaTh ToMoMopduzmom Teitopa B Touke : A — C.

Bameuanue. OuennHOo, U0 J1060i Tuddepennmanbubiii k-romomopdusm ¢: A — C[[t]]
siBJisieTcst roMoMopduamom Teitiopa B Touke ¢ = €0 @, rie € - kaHonndeckuit C-romomopdusm

C[[t]] = C, npu koropom &(f(t)) o f(0). HeitcrBurensHo, ecm p(a) = > ai%, TO
i=0

- = , =, d =
¥(a) = Z(f o @)(D" x @)5 = Zé‘(@@(a))ﬂ = Zai-—, = ¢(a)
i=0 i=0 i=0
Anamutmaecknii cnekrtp. s moboro M € Spec;, A oboznaunM 1y, k-romomopdusm k-

asrebpel A Ha akropanredbpy A/M, koropas uzomopdua 060 R, 6o C. Toryua ¢ TouHOCTHIO
JIO KOMILJIEKCHOTO COIPSYKEHUsSI MOXKHO CUUTATh, YTO 1)y — 9TO k-roMoMopdusMom k-aaredpsl
A B mose C. O6oznaumm, Spec, A Takoe HOIMHOMKECTBO B Spec, A, COCTaBICHHOE M3 TeX IIPo-
crbIx meanos M, s koropsix mpu romomopdusme Teitnopa 1,0 A — C[[t] o6pas ¢y (A)
COCTOUT U3 PSIIOB, CXOIAIINXCST B HEKOTOPO#t e-okpecTHOCTH Hyss mojs C. OkasbiBaercs, 910
k-romomopduzmos 1y, — C (M € Spec, A) 1ocTaTouHO MHOTO.

Teopema 3.3.1. I[Tycmv A — xoneuronopootcdennasn duggepenyuarvras k-areebpa ommocu-
meavho duppepenyuposarus D. Tozda drs 1106020 HenusbnOMERMHO20 24eMEHME 0 € A cy-
wecmeyem M € Spec, A maxot, wmo ¥p(a) # 0.

Joxasameavcmeo. Jlokammzanus Ala™!] k-anre6pbl A 110 HEHUJILIOTEHTHOMY 3JIEMEHTY @ UMe-
eT eJIMHUYHBI 3JIEMEHT a/a W SBJISIeTCsl KOHEYHO MOPOXKJIeHHO oTHOcuTesibHO D muddepen-
nuaJibHoi k-asredpoit. [lyctb [-ipou3BOJIbHBIN MaKCHMAJILHBIN JTruddepeHuaabHbIil neall.

Torma daxropanredbpa B def A/l aBnsiercst ipoctoii auddepeHnuaabHON k-aarebpoii ¢ enn-
HUIEl, B KOTOPO#i ssiemenT a + I obparum. 3 Teopembr FO.I1.Pasmbiciioa (em. [5]) cienyer,
aro B — 06/1acTb IEeJ0CTHOCTH U B B cylecTByeT Takoil ajaement b, aro jokamusanusa B[b!]
HMeeT KOHEYHOE UHCI0 00pasyIonyx, KaK KOMMYyTaTHBHO-accormarnsHas (He muddepeHim-
asnbHast) k-anrebpa. Cormacuo ciencrsuto u3 teopembl C.Kosasesckoit s o6oro mieasa
N € Spec,, B[b~"] upu romomopdusme Teiinopa by : B[b~'] — C[[t]] o6pas ¥y (B[b~"]) cocromr
U3 CTEIEHHBIX PSJIOB, CXOJSIINXCS B HEKOTOPOi e-okpectHoCcTH HyJIsd 1oyt C. CrieroBaTelibHO,
saypo M k-romomopduzma



A Al 3 Ala/I=B3 B 1Y C

SABJISICTCS [TPOCTBIM HJIeaJIOM U3 Spec, A (@M = @N 0 £ O €5 O &), I KOTOPOrO 1y (a)-

obparumbii smement B C, To ectsb 1y (a) # 0. [
Jlemma o HuabmoreHTHOM 3jiemenTe. O6osHaunm depes Wi(ay, ..., a,) GecKoHETHYTO

MAaTpUILy, Y KOTOPOii B i-0if cTpoke j-ro crosbma (i = 0,1,2,...,7 =1,2,...,n) cTOUT 3JeMeHT

D" x Q.

JIemma 3.3.1. Ecau camviii 6eprrut Munop n-20 nopadka |ai, . . ., a,| mampuyw Wiaq, ..., ay)

ABAACMCA HUNDTOMEHMHBLM IAEMEHMOM 6 k-arz2ebpe A, mo u 6ce 0CMAAbHbLE MUHODDL T-20

nopsadka mampuys, Way, ..., a,) HuLGROMEHMHDL.

Jlokasameavcmso. Pacemorpum romomopdusm uddepentmanbabix aaredbp ¢: A — C[[t]].
Tak kak B C|[t]] HeT HuabIIOTEHTOB, BepXHUii 1 X n Murop Matputibt W (¢ (ay), ..., ¥ (a,)) pasen
uymo. CorstacHo npejyiozkennio 1 maparpada 3.2, psist ¥(ay), . .., (a,) JUHEHHO 3aBUCHMBI
HaJl k, TO ecTb Jr000it 1 X n munop mMarpuiiel W (¢ (ay), . .., 1 (a,)) paBen nyso. Takum obpazom,
Bce nxn MuHopst W(ay, . . ., a,) nexar B sape moboro romomopdusma B C[[t]]. Takoe Bozmozkmo
TOJILKO IS HHJIBIIOTEHTHBIX 3JIeMEHTOB. JlefiCTBUTENLHO, I HEHUJIBIIOTEHTHOTO 3JIEMEHTA
a ciencrBue 2 w3 pasjena 3.1 rapaHTupyer Hajamdume romomopdusma k-amredp ¢: A — C,
pu kotopoM ¢(a) # 0. Tenepb J0CTATOYHO PACCMOTPETH COOTBETCTBYIOIMIUE TOMOMOPGhU3M
Teitnopa ¢. U

Bameuanwue. [Ipu n = 1 u3 510l JleMMBI BBITEKAET, YTO HAJL MOJISIMU HYJIEBOH Xapakre-
PUCTHKY HUJIBIOTEHTHBIE 3JIeMeHThI npu JuddepeHupoBaHuy IEPEXOIAT B HUILIOTEHTHDIE.
KombGunaropHoe j1oka3arebeTBo 9Toro (akra npuseieHo B [4][aemma 1.7].

3.4 CootrHonienus Karessim m Teopema o panre.

Onpenenenune 3.4.1. k-anrebpa A curaarypbl () Has3bIBaeTCsI NEPeUYHOU, €CIU PABEHCTBO
(J1,J2) = 0 Baewer J; = 0 wim Jo = 0 u noaynepsuunot, ecan u3 pasencrsa (J,J) = 0
caeayet, uro J = 0 st a00wix J, Jp, Jo ngeanos aaredbpbr A.

DTO onpeesIeHre MOXKHO IIPOUHTEPIIPETUPOBATE CJIeAYIoOmUM 00pasom. Anredbpa A nepsud-
Ha, e Jist 00X a,b,a; € A, rye i € (1,n), cymecTByeT NOJUIXHEHHBIN 110 @, b TOJUHOM
p(a, b, a;) Taxoit aro

pla,bya;)) =ay-...-a;-a-Q1-...-a;-b-aj1-... 0, #0

Asrebpa A mostyniepudna, ecou Jist aoboro a € A un € N cymecTByeT MOHOM, B KOTOPOM
@ BCTPEYAETCA N Pa3, ...a ... Q... -a-...7#0.

Crenys 3a [2]|§3] BBesiem nonsitue rientponia Mapruneiiia. [lycrs A nepuanas k-anrebpa
currarypel  u D = D(A) — cs3anHas ¢ Heil acconmarusnas nojanredbpa B Endg A. Ilycrs P
— mHbEeKTUBHaA 0000UKka D-Momyns A, obosnadnm F = Endp P anredbpy Bcex 3H10MOPMOU3-
MoB D-moaynst P, a (Q = EA — D-nionmonyib B P. VI3BecTHO, 9TO B TAKOM CJIydae OrpaHmde-
uue p neficrBus anarebpol £ na D-moaynb () komMmyTaTuBHO. 3uaqut, ajrebpa C' = E/ Kerp
KOMMYTaTUBHA, €e Mbl U Ha3bIBaeM uyenmpoudom Mapmundetina. Mbl MOXKeM TIPOJIOIZKUTH BCE
ortepartuu €2 o C-ymmHeitHOCTH ¢ anredpsl A Ha () n HasIeuTh () crpykTypoit C-anredbpsr. Torma
C-anrebpy ) curHaTypbl {2 HA30BEM UEHMPAALHBIM 3AMUKGHUCM ATTeOPBI A.



IIpensoxenune 3.4.1 (|2], 3.2). Ecau A — nepsuunasn k-areebpa cuzramypu, 2, mo uenmpoud
C(A) asasemea norem, Q(A) - nepsuunot K-anzebpot u C-anzebpa @ rapaxmepusyemcs
mpems c6oticmeamu

1. Q=CA;
2. npousdsosvhuili Henyaesot D-nodmodyss 6 Q) umeem Henyaesoe nepecevenue ¢ A;

3. 110600 wacmuurvtl D-sndomopdusm »x nenyaesozo udeana J anrzebpuv, A 6 A 00nosnauHo
onpedeasem sndomoppusm ¢ € C, oepanuuerue xomopozo wa J coenadaem ¢ .

st bopMyTMPOBKH T€OPEMbI O paHI'e HaM MOHAI00ATCs CJICIYIONINEe OIPE e ICHHS .

Omnpenenenue 3.4.2. [lycts A obo3nagaer k-aaredpy curaarypsi €2, a F' — abcoroTHO CBOOOI-

HyI0 k-airebpy Toil yKe CUIHATYPBI CO CBOOOIHBIME 0bpasyomumu x;, y;(i = 1,2, -+ ). Jloboit
nouHoM d (T, , T, Y1, , Y1) U3 aarebpbl F', KOTOPBINA MOJMINHEEH U KOCOCUMMETDHIEH
OTHOCHUTEJILHO T1,- -+ , Xk, Mbl Ha3biBaeM mnojumHomMoM Kanennu nopsjaka k. Ilycts V' — mpo-

U3BOJIbHOE k-TIOJIIPOCTPAHCTBO B A; OyIeM rOBOPHUTD, 9TO Ha V BBIMOJHSIOTCS BCE TOXKJIECTBA
Kanennu nopsiaka k, ecian st jroboro mojmHoMa Kamesm mopsiika k u JI00BIX 3J€MEeHTOB
vy, LU € Viag, -+ ,a; € A B anredpe A BBINIOTHSIETCS PABEHCTBO

dk(vlf'. y Uk, Ay, * - 7al) = 0.

Omnpenenenne 3.4.3. Panrom k-jaumHeitHoro mnojampocrpancTsa V' OoTHOCHTEIHLHO ajaredpbl A
Ha30BEeM HaMMeEHbIIlee YHUCJI0 k, JJIT KOTOPOro Ha V' BBINOJIHSIOTCS Bce TOXKJecTBa Karmesin
nopsizika k. Bymem obosnauars 910 unciio rank(A, V).

Teopema 3.4.1 (o panre). I[lycmv V — k-nodnpocmpancmeo 6 nepsuunoti k-anzebpe A cue-
namypot 2. Ecau rank(A, V') < 0o, mo 6 yenmpasvrom damvikaruy Q(A) anreebpo, A

dimeay C(A)V = rank(A, V) — 1.

k-anrebpa A mosmauHerHON curHATYPBI ), cpeu omeparuii KOTOpoil ecTh He TOJBKO yHApP-
HbIe, HA3LIBAETCSA NPOCMOTll, €CJIM OHA NEPBUYHA ¥ B Hell HEeT HeTPUBHAILHBIX UIEasoB.

B stom ciryaae D(A)-momyiis A HenNpUBOIUM 1 1715t JIIOOOTO HEHYJIEBOT'O 9JIEMEHTa, ¢ U3 TI€H-
tponia Mapruneitina C(A) uHeryseBoit nonmonyib ¢- A B Q(A) takxke nenpuso M Hast D(A)
U B CUJIy CBOWCTBa 2 MpeJJIOXKEHUs JTOJIZKeH UMeTh HeHyJsieBoe nepecedenne ¢ A. CremoBareiib-
HO, ¢ - A coBnagaer ¢ A u c: A — A — 510 3H70MOpduU3M HenpuBoguMoro D(A)-momynsa A.
[To nemme Ilypa Bce Takme sugoMopdusmbl B Endg A obpasyior Tesio, a Tak Kak B ) ecTb
HEyHAPHbIE OllePallid, TO 3TO TEJIO JOJKHO ObITH KOMMYTATHBHBLIM. DTO [0JIE€ SHI0MOPMOU3MOB
D(A)-momyns A upunaTo HasbBaTh reHTporgoM K-airebpbr A. Mbr Oyjem 0b603HAYATH €10
Ca.

CanexnctBue 3.4.1. [Iycmov V. — k-nodnpocmpancmeo 6 npocmoti k-anseebpe A, 6 cuznamype
Q Komopot ecmv ne moavko ynapuvie onepayuu. FEcau rank(A, V) < oo, mo pasmeprocmo
npocmpancmsa Cy - V' nad yenmpoudom Cy k-anzebpo, A pasha rank(A, V) — 1.

Pazymeercst Bce 3Tn yTBEpKICHUS, OIPEJIC/IEHUsI, TIOHITHS JOMYCKAIOT UCTOJTKOBAHIE MTPU-
MEHHUTETLHO K KOMMYTATUBHO-ACCOIMATUBHBIM (M depeHInaIbibIM k-aJredpaM, CUTHATYpa
KOTOPBIX COCTOUT M3 OJIHOI OMIMHENHO orepannn — YMHOXKEHUs * U OJIHON yHapHOil orepa-
un — jguddepennuposanus .

st roboro k-niopnpocrpanctBa Vo auddepentmabhoii k-aaredpbl A paccMoTpuM MaT-
puity M (A, V'), cTonbiiel KOTOPOil IPOHYMEPOBAHBI 3JIeMEHTaM v € V| a B i-0if CTPOKE 9TOT0
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cronbna cront v (i = 0,1,2,...). Torna nepasencrso rank(A, V) < oo o3madaer, 4To Bce
MUHOPBI Topsiika 1 + m = rank(A, V') 910it MaTpuilel paBHbI HYJII0, & KaKOH-TO MHHOD mM-T0
HopsJIKa HYJII0 He paBeH. Bojiee Toro, eciu vy, ..., v, € V — 3T0 HOMepa CTOJOIOB TOIO HE
PABHOIO HYJIIO MUHOPA, TO V1, . . . , Uy, MOXKHO BBIOPATh B KadecTBe Oazuca C4-10IIPOCTPAHCTBA
C4-V B Q(A). Ocraercs pazobparThbesi ¢ IMOHATUIMI EPBUTHOCTH ¥ TIOJIYTIEPBHYHOCTH ITPUME-
HUTEbHO K juddepennuanbabiM k-aaredpam. [lepsuanocts o3HavaeT, 4To Jjisd JIIOOBIX JIBYX
HEHYJIEBBIX 9JIEMEHTOB ¢, b anrebpsl A HafiyTcss TaKie HATYpasbHbIe dnucia 1, j, ato aPbl) #£ 0
(em. mpumepst (aparpad 3.2)). Bosee Toro:

Jlemma 3.4.1. Jluppepervyuarvran anreebpa A asasemes nepsuunoti moada u moavko mozda,
ko20a Ons mobux a,b € A natidemes maxoe n, wmo a™b # 0.

Aoxaszamenavcmeo. HeobxomumocTs yeioBust odeBuHa. [lycts A nepButina, a qucia ¢ u j Tako-
b1, aTo Vb)) #£ 0, Ipuyem cpem BO3MOKHEIX 11ap (i, j) BRIGepeM 1apy ¢ HaMMEeHbIIeH CyMMO,
a Cpey TaKnX Iap BeIGepeM mapy ¢ HaumMmeHbImnM j. 1lyers § > 0. Torma aWbU—Y = 0, 1o ecth
(a(i)b(j_l))/ = a(i+1)b(j_1) + b)) = 0. Buaunr a(i+1)b(j_1) = —a®pl) £ 0, uro mporuBOpEUNT
MuHUMaJIbHOCTH J. Takum obpazom, j = 0, 4TO U TpPeOOBAIOCH. O]

s YKa3aHHOT'O BbIIIE IPEAJIOKEHNA HEMEIJICHHO CJIe/IyeT

Teopema 3.4.2. Ecau dupdepenyuanrvran k-arzebpa A asasemes 004GCMHI0 YEAOCTIHOCTIU U
Qa4 — ee Kaaccuueckoe meno wacmuux, mo yenmpoud Mapmundeuna C(A) duddepenyuarvroti
anzebpol A cosnadaem ¢ nodnoaem xonemarnm noas Q 4, m.e. C(A). Boaee moezo, yenmpanvroe

samvikarue Q(A) cosnadaem ¢ C(A) - A.

[Tocnemaue pesyabrarsl [eba Ilorymuua (em. [6] wim Jonosnenne A) mokasbiBaroT, 9TO
nepBuYHbIe TuddepennuaibHble KOMMYTaTUBHO-aCCOITUATUBHBIE k-areOpbl He 00sg3aHbl OBITDH
objacTsiMu 1iesiocTHOCTH. B wacTHOCTH, Muddepennmaabaas ajredpa HaJl MOJEeM PallioHaIb-
HBIX 9HCe, 3aJlaHHas OHUM Jud depeHIrmaaIbHbIM 00pa3yonmM T 1 oaHuM JiuddepeHInalib-
HBIM COOTHOIII€HUEM .’E2 = 0 ABJIAECTCA HepBHqHOﬁ, HO BCe €€ 3JIeMEHTbI HUJILIIOTE€HTHBI. TaK q9To
TeopeMa O PaHre COXpPaHIeT CBOIO aKTYyaJbHOCTh U [Tt Kiacca auddepeHnnaabHbIX aareop.

Yo xKe KacaeTcs MIPOCTHIX AuddepeHnnaJIbHbIX aaredp, To 3/1eCh Ie/10 0OCTOUT COBEPIIEHHO
ueanbro. 113 pesynbraros FO.I1. Pasmbiciiosa (em. [5], [2]) BbiTekaer cieyrommast

Teopema 3.4.3. Jlwbas npocmas Jupdepenyuarvhas KOMMYMAMUEHO-aCCOUUAMUEBHAsA k-
anzebpa A (chark # 2) codepotcum edunuwyy. Boaee mozo, ecau chark = 0, mo aneebpa A
— 2Mo 06.4aCMb UEAOCTNHOCTAL.

3.5 CBoiicTBa onpejsenaureisi Kamneann-Bpouckoro.

[lycrs F,, = k{xy,x9, - ,2,} — cBobomuas muddepennnanibras k-aarebpa co CBOOOIHBI-
Mu JuddepeHnuaibHbIMUI 00Pa3yIOMUMI X1, - -+ , L,. KaK KOMMyTaTHUBHO-accOnMaTUBHAS K-

aﬂre6pa Fn IIOpO2KJi€eHa CYETHBIM YHCJIOM aﬂre6pa1/1quKI/I HE3aBUCUMBIX II€pEMEHHBIX I‘EJ)

(i=1,---,n; j=1,--,m 20 ¢ x;), HA KOTOPBIX CHUTHATypHOE JrbbepeHmpoBanme

(2
/
. j def j+1

': F, — F,, neficTByeT ecTeCTBEHHLIM 00pa3oM (xgj )) = xgj ),

Kak u B pazzgene 3.3, obosnaunm gepes W(xq, -+, x,) GECKOHETHYIO MATPHILY C 1 CTOJO-
IAMH U CUYETHBIM YHUCJIOM CTPOK, Y KOTOPOi Ha IepecevdeHnn j-if CTPOKHM W i-TO CTOJOIA CTO-

() " .

ur x;”’. Bepxuuii MUHOD n-T0 moOpsiiKa 9TOM MaTpUIBl 0003HAYUM |Tq,--- ,x,| — Oymem Ha-
3LIBATH €ro omnpeneanreneM Kamemmm-BpoHcKoro 1js 3JieMeHToB T, - - - , T, € F,. 3amzaaum

muddepentmanbuyio k-aarebpy F, (Temu ke cambivu) muddepeHmaIbabIME 06pasyonIMI



1, ,Ty, W OJHUM OIPEJEJAIONUM TuddepeHIalibHbIM COOTHOIIEHIEM ]El, cee ,:in] = 0.
Anpom KanoHmdeckoro juddepenimaibaoro k-romomopdusma €: F, — F,, npu KOTOPOM
e(z;) def Z;, apnserca auddepeHuaabubiil k-ugeans B F),, NOPOXKJIEHHBIN OIpeIeInTeIeM
|z1, -+, x,|. U3 npenyoxkenns: maparpada 3 cjejyer, 94TO TOIJIA BCE MHUHODPBI N-I'O HODSJI-
ka Marpursl W(Zy,- -+, Z,) OyayT muabnoTenTamu. Tak Kak B dakropasireope F,/Rad F,
k-anre6psl F,, 1o ee mmib-pajukasy Rad £, OTCyTCTBYIOT HHJIBIIOTEHTHBIC 3JICMEHTBI, B k-

nonpocrpancrse V(Zy, - -+, Z,)/RadF, o (kZy + -+ + kZ,)/ Rad F' BeIIOMHSAIOTCH BCE COOT-
Horenust Karesum nopska n.
©)

Ipeanoxenue 3.5.1. Obosnavum m} anrzebpaureckoe donoanenue s sremenma ;6 K6a0-

PAMHOU MAMPULE

xﬁO) xgo) xgo) . L(lo)
xgn xél) xél) o .11:511)
xgn—l) xén—l) C(]én_l) o xgln—l)
Toz0a
SO 0, ecau s #1 ey 0, ecau s #t
(a) ;xz mt_{ |x17...7xn|’ecﬂu<9:t ’gxs mi_ |:E1,"',l’n|,EC/LUS:t

i

iom? —md-mi .
(b) mmozousern m’ - m] —ml - mj deaumcsa 6 arzebpe mnoz2oureros klx =0, m—1] MG

MHOZOUAEH, |T1, -+ Ty

Jlokasamenvcmso. YTBepxKenue (a) — 9T0O a3bl JUHEHHO ajireOph.

Xopomo uzsectao (cm. [10]|erp. 176, Teop. 1]), uro muorousnen |zi,...,x,| HEIPUBOIHUM.
Torna dpakropanredpa k[mz(j)lizl,... n.j=0. n—1]/|T1, ..., T,| HE comepxuT nenmTesneit Hys. B eé
10JI€ YACTHBLIX CTPOKHM MaTPHILI BPOHCKOrO 11 X1, . . . , T, JIMHEIHO 3aBUCUMBI, a 3HAYUT 00pas3

i J i i (9)
m-m] —ml-mi B k[z;” iz nj=0. n-1]/|T1,- .., Ts| paBen mymo. Yro u Tpebosamocs. [

def ; .
Caencreue 3.5.1. Ioaooicum ri(x1, -+ ,2,) = m,_1(i =1,--- ,n). Toeda 6 darxmop anzebpe
F,, umerom mecmo caedyrowsue pacencmea

(a) Tl(fl,"' 7jn>'j1+r2(j17“' 7jn>j2++rn<j17 7',fn)jn:07

(b) vy — 1= 0.

Boutee Toro, B quddepentmanbuoit anrebpe F, / Rad F, panr Kamemm k-moaimpocTpancTsa
(k71 + - - - 4+ kT,,) He IPEBOCXOJUT €IMHUIIBI.

Omnpenenenne 3.5.1. DemMentsl 71(Ty, -+, Tn), ,Tn(T1, -+, Tn) ;uddepermmumanbrot k-
anredpol F,, OyneMm Ha3bIBATL NPOUHMEZPAAALMU, UM B BUJY, UTO B JIOKAJIU3AIMN Fn[fj*l]
9JIEMEHTBI 7 /T; ABJIAI0OTCA KoHcrantamu. JleficrBurensino u3 cpoiicrsa (b) ciiecTBHS BbITe-
kaetr, uro (7;/7;) = 0 B F,. Ha camom nese jiokaim3aris Fn[rj_l] j = 1,---,n gomyckaimor
IPO3PAYHOE OIUCAHUE.

Anrebpa H.Hukuemuoro. Oboznaunm R, muddepennuaabuyo k-aaredpy 3aaHHYIO

JinbdepeHITnaTbHBIMI 00Pa3YIOIUMU V1, - -+, Up; Ug, Ui, * * + 5 Up_o OTMPEIETISIONIUMEI COOTHOIIIE-
HUSMHU:
(n—1) (n—2) (n—3) 1) _
v, — Up_2V; — Up—3V; — = wv; L —upv; =0
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OueBnHo, uT0 R, KaK KOMMYTaTHBHO-aCCOIMATHBHAS k-aaredpa MOpoKIaeTcsl CIe Iy FoIi-
M aﬂfe6paI/IquKI/I HE3aBUCUMBIMUA dJIECMEHTaMMN

vi(o) def vi,vgl), o ,vi(n_Q)(i =1,---,n),

(0) def ()
;' = U U

j (j:()?la"'?n)a

Ha KOTOPBLIX curHarypHoe jauddepeniupopanne ' 1eficTByeT eCTeCTBEHHBIM 00Pa30M:

@y Y (=01, 0 -2k =0,1,2,---),

0" 0 0" e fuge, (=1, n),

(v(k))’ def (kD) (k=0,1,2,--- ,n—23)

(] (]

HecsioxkHO JJOKa3aTh MO0 MHIYKIUK, YTO IpU j > n — 2 j-si crpoka Marputibl W, (vy, -+, vy,)
BBIPasKAETCSA B BUJIE JTUHEHHON KOMOMHAIINHT ITIPEIbLIY X ¢ Kodddurumentamu u3 auddepeHim-
aJILHOM k-1101aJIreOpbl, TOPOXKIACHHON B R, 3J1eMeHTaMI Ug, Uy, * * * , Up_o. II09TOMY BCe MEHOPBI
N-TO TOPSIJIKA STON MATPUIIbI PABHAIOTCA HYJIIO U B k-ipoctpanctse k - vy + k- vg 4+ -+ k- v,
BBITIOJTHSIFOTCST BCe COOTHOIeHns1 Kareum mopsiaka n. Tak Kak KOMMYTaTHBHO-ACCOTTHATBHAS
k-anredbpa R, dBjsieTcst 00J1aCTHIO IEJIOCTHOCTH, TO U3 PE3YJILTATOB naparpada 3.4 B roJjie 4act-
HBIX () g, JOJKHBI HANTUCD (He BCE HYJIEBBIE) KOHCTAHTEL ¢, « - * , Gy, JJIs1 KOTOPBIX G -V1 4+ -+ (p -
v, = 0. Ho Bce munopsl (n — 1)-ro nopska, mogmarpuiiel W, (vy, -+, v,), cocTosIer u3 cTpoK
0,1,--- ,n — 2 ormuHbl OT HyJdA. [[03TOMY B CHIy CJIeACTBHUSI IPEIbLIYIIETrO MOAIYHKTA B Ka-
TIeCTBE (1, -+ * , @y MOXKHO B3ATH 11 (U1, - -+ , V) /T (V1, -+ ,Un), -, Tp(V1, - vn) /rj(v1, -+, 0p).
B gacTHOCTH cupaBeMBa CJIeayomast

Teopema 3.5.1. /Jlaa wobozo j = 1,---,n aokarusayuu F,[r(Zy, - - Tn) 7Y,
Ru[rj(v, -+ ,v,)7Y k-aneebp F,, R, dufdeperyuarvro usomopdroL.

Hoxaszamenavcmeo. 1locrpoum B3ammooOpaTHbIe 0TOOPAXKEHUS MEXKJIy STUMU aJredpaMu:

£1: Fn[fj(fl, ... ,i’n)il] — Rn[rj('ul, R ,Un)il], Eg: Rn[rj(vl, R ,Un)il] — Fn[fj(fl, ... ,i’n)il}

Bagannbie hopmynamu: £1(T;) = v; u £9(v;) = Ty, €9(u;) = —mé(:z‘cl, e T) [T (T, D).
KoppexkTHOCTb €1 BBITEKaET U3 TOTO, 9TO €JUHCTBEHHOE COOTHOIICHNE aareOpe! F), BBIIOIHEHO
B R,. KoppekTHOCTD €9 BBITEKACT U3 IMyHKTa (&) caegcTus 3.5.1. [

IIpennoxkenune 3.5.2. Hycmo y1(t), y2(t), - ,yn(t) € C(a,b) u |ys(t), - ,yn(t)| = 0. Toz2da
6 arbom noduwmepsane (ar,by) C (a,b) cywecmeyem unmepsan (as,bsy), na Komopom smu
Pyrryuy Aunetine 3a6UCUMDL.

Joxasamensvcmeo. Tlpumennm npesoxkenne 3.2.3 K nauddepeHnmaibHoi agredpe A mopox-

JEHHOM Y1, . . ., Yp U uHTEpBaY (a1, by). Ilonyuennbiit uaTepBas HasoBeM (az, be). K noso gacr-
HBIX OOJTACTH IIEJIOCTHOCTH A |(q,p,) HIPUMEHHMA JIEMMa O JITHEHHOH 3aBUCHMOCTH HAJL II0JIeM
KOHCTAHT |7, prop. 2.8|, u3 KoTopoii u BeITeKaeT Tpebyemoe. O
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Honosmmeane A. Ilpumep mnepBuydHOIl auddepeHnnaAIbHON HUIb-
asrebpst (cm. [6])

Bsenem cBobomnyio auddepeHnmnajbHy0 aaredpy oT oiHoil obpasyoiieii. Byiem obosnavdaTh
00pa3yIoIILyIo Yepe3 &, a ee i -0 MPOU3BOIHYIO Yepe3 x;. Torma cBoboaHoi auddepennmaibHoi
asrebpoit or x Oyuem HasbiBarh ky{r} = ki[z,x1,29,...], T.e. CBOOOJHYIO KOMMYTATUBHYTO
anrebpy OT T M ee IPOM3BOAHLIX. 1LII0C B HUKHEM HMHJEKCe 0003HAYaeT, YTO OePyTCs MOHOMBI
TOJILKO TIOJIOXKUTEILHON crerienn. B gacTHOCTH, 9Ta ajrebpa He COAEPKUT €MHUIBI.

s nzydenns nieana [x™] paccMOTPUM BEKTOPHOE MPOCTPaHCTBO V,, ¢ m — 1 mapoii cuer-
HBIX cepuit 6asucHbx BekTopos &F u nf (k= 0,...,m —2,i € NU{0}). Baemmoro anre6py
9TOro mpocTpancTsa Oygem o603HadaTh depe3 A(V,,), a ee 4eTHYI0 U HEUETHYIO KOMIIOHEHThI —
qepe3 Ao(Vy,) 1 A1 (Vi) coorBercrBenno. OTmernm, 910 MbI He mpe/noaraeM Hagnans B A(V,,)
enuuuiel. Beenem wa A(V,,) muddepennuposanne, koTopoe Ha obpasyomux Oyaer jeiicTBo-
BaTh yBeJIMUEHHEM Ha eIMHUIY HIDKHEro mHuekca, Te. (&F) = &8, u (nf) = nf.,. Bamerm,
aro Ao(V,,) sBrsiercs muddepenimanbHoil moaaare6poii.

Bepnemcs k Halemy oCHOBHOMY OOBEKTY — (paKTOpPy CBOOOHOM auddepennnaabHoi aJ-
re6pol ky{x} o muddepennunansuomy upeany [x™]. Obosuauum ero uepes D,,, obpa3 x npu
dakropuzarun uepes r. [loctpoum romomopdusm muddepennuaabubx anredp @, : D, —

m—2
Ao(Vin), 10710508 90 () = X €5 A1t
k=0

Jlemma 1. Tomomoppusm ¢, uHseEKMUBEH.

oxasamensvcmeo. CHadasia IPpOBEPUM, 9TO @, — romoMopdusm. st aroro gocratoano yoe-
JATBCS B TOM, 9T0 (¢, (Z))™ = 0. deiictBuresnnho, B ¢, (Z) Bxogar 2(m — 1) aHTHKOMMYTHDY-
IONUX [IEPEMEHHBIX, a CTelleHb BCeX MOHOMOB B (¢, (Z))™ paBHa 2m. B cuny Kococummerprd-
HOCTH TIOJTy9aeM HYJIb.

Hamomunwm (caeys L. Jlesu [8]), uro monom B k. {x} Ha3bIBACTCA (1) -MOHOMOM, €CJIH CyMMA
CTeleHell COCeTHUX MPOM3BOIHBIX MeHbIEe M. Mbl GyeM 10Jb30BaThCs CIIEAYIONIM (DaKTOM
(cm. [8, Teopema 1.1]):

Pakr. MHOXKECTBO 06PA30B (v,,~-MOHOMOB siBJIsieTcst Gasucom ky{z}/[x™] KaK BEKTOPHOIO
npocrpancTsa (B padore I'. Jleu sror dakr copmynuposan u jokazan s k{z}/[z™]).

Takum 06pa3oM, JOCTATOUHO IIPOBEPUTH, YTO HU OJ[HA HETPUBUAJIbHAS JIMHEHAsS KOMOUHA-
U (\,-MOHOMOB HE JIEXKHUT B SIJIPE {p,. PACCMOTPUM KAKYIO-HUOY/ b JIMHEHHYI0 KOMOMHAIIUIO
Q,;,-MOHOMOB. BBejieM Ha MOHOMAX CJIEJIYOIINil MOPSJIOK: CPaBHUBAEM 110 OYepeJr BCe IPO-
M3BOJIHbIC HAYMHASA C MJIQINUX. Ecaum Ha OYepeaHoM Imare Mbl IIOJIYUIHIA HEPABEHCTBO, TO
66bIMM OyJIeT TOT MOHOM, y KOO 9Ta OYepejHas [IPOM3BOjHAs cTapiie. Paccmorpum Ham-
GOJIbINIT OTHOCUTEJILHO ITOrO TOPsijIka MOHOM B JIMHEHHON KOMOMHAIMM, U IIyCTh OH HMEeT
Bug M = Ty, ... %k, TO€ ky = ... 2 kp. 3aMeTHM, YTO (v,-CBOMCTBO MOYKHO IepedopMyIn-
poBaTh CJIEAYIONMM 0O6pa3oM: Jiist JIFOObIX ¢ U ¢, TakuX, 910 ¢ — i = m — 1, BBINOJIHIETCH
HepaBeHCTBO k; — ki > 1. Orcioia, B 9aCTHOCTH, CJIeAyeT HEPaBeHCTBO k; > 2 [ 7;1} Torma
yKazxKeM B @, (M) Takoil MOHOM, KOTODPBIl HE HOSABUTCS HU U3 KAKOTO JAPYIOr0 MOHOMA HCXOJI-
HOM stuHeiinoil KomMGunamun. 113 coMHOXKnTENIs, COOTBETCTBYIONMEIO Ty, MBI BO3BMEM B 3TOT

MOHOM ITPOU3BEJIEHIE fgj_q A Ty, A€ ¢ U T — COOTBETCTBEHHO HENOJIHOE IaCTHOE M OCTATOK
oT jenenud jJ Ha m — 1. B cuy jJoka3aHHOTO HepaBEeHCTBa OTHOCUTEIbHO k;, 9TO BbIparKeHUe
KOPPEKTHO oIpe/iesieHo. Kpome Toro, u3 nepedopMyIunpoBaAHHOTO (v,,-CBOMCTBA CJIEyeT TaKas
IEMOYKa HEPABEHCTB JIJIsl JII0OO0T0 j:

kj_q<kj+m—1_q_1<kj+2m—2_q_2<--- (1)
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W3 stux HEpaBEeHCTB B CBOIO OYEPE/Ib CJAEIYET, UTO BCe 0OpAa3yIoNIne, BXOJSAIINE B ITOT
AHTHKOMMYTATUBHBI MOHOM, PA3/INIHbI, & 3HATUT, CAM MOHOM He paBeH HYJIIO.

JlokazkeM, 9TO 9TOT aHTUKOMMYTATHBHBII MOHOM MOT MTOSIBUTHCS TOJBKO U3 PAacCMaTpUBae-
MOI'O (ty,-MOHOMa. [1yCcTh OH MOSIBUJICS U3 eI1e KAKOI'O-TO (,-MoHOMa M’ 1 MitaJiiast pou3Bo/I-
Hast B M umeer nopsiyiok k. Tak Kak Ham MOHOM ObLJI HAUOOJIBITUM OTHOCUTEIHHO BBEJIEHHOIO
nopsiyika, 10 k < ko. C apyroit cTopoHbI, TPOU3BO/IHAS MOPsijiKa k JTO/KHA JATh B aHTUKOM-
MYTaTHBHBI MOHOM IIPOHM3BeJeHHe BUIa & A 7)j, HO HAMEHbIee BO3MOYKHOE 3HAUYeHHe a + C,
nocruraemoe B cuity (2) mpu a = kg u ¢ = 0, paBHO ko, T.e. k = ko, IpHYeM B aHTHUKOMMY-
TATUBHBIA MOHOM MJIQJIININE MTPOM3BOJIHBIE JTAIOT OJUHAKOBLIN BKJIaJ. [loBTOpsA anasiormvmnbe
paccyKJIeHus Jjisi OCTABIINXCA IIPOU3BOIHBIX, mojydaeM M = M’ aro u TpeboBasoch.

Taxum 00pa3oM, UHHLEKTUBHOCTD {,, JTIOKA3AHA. O

Jlemma 2. I[Tycms P — nepsuunas dupgeperyuanrvran arzebpa, a Q C P — eé dugpepeniyu-
aavhas nodanzebpa. Tozda () mootce nepsuya.

Joxazamenvcmeo. JleitcrBuresibHO, 1IycTh B () ectb Takue upeaibl A u B, uro AB = 0. Ilo-
ponuM nmu uiaeansl A u B B P. Ho 3T meaibl MOKHO IIOPOXKJIATh YK€ HE B CHIHATYDE
JjbdepeHImaIbHON anredpbl, a Kak UJIeabl B CMbIC/Ie KOMMYTaTUBHOI anredpwl. Ho Tora,
oueBn O, AB TOXKE paBHO HYIIIO. O

Teopema 1. Anzebpa Doy nepsunna.

Jlokasameavcmeo. B cuity npebayIieii JeMMbl, 0CTaI0Ch MOKa3aTh, 910 B Ag(V3) HeT Takmx
JIByX measoB. Ilycrs ecth Takue njeastbl A u B, u B HUX j1exkat sjeMentol a € Aub € B. Torna
UX MOKHO JIOMHOXKUTH HA TaKUe MOHOMBI, UTOOBI @ U b ctaymm monomamu. Tenepsb npoguddepen-
IAPYEM @ CTOJIBKO pa3, CKOJIBKO IMOTPEOYETCsI, IUTOOBI CPEIH IOy I€HHBIX CJIaraeMbIX ITOSBIIOCH
Takoe, B KOTOPOM BCE ITPOM3BOJIHBIE MMEIOT MOPAJIOK, OOJILINUI MOpAIKa JIFOO0H MTPOU3BOTHOIM
B b. CooTBeTCTBEHHO MpOU3BeAeHNe b U 9TOi MPOU3BOIHOI @ OyIeT He PABHO HYJIIO. [

onmostnenne B. Bo BcsgkoMm npocTtoMm muddepeHnnajabHOM KOJIbIIE €CTh
eJIMHUIIA.

[Tycrs R — nuddepentuanbroe Kouibio. Yepes R[] Gynem ob6osaadaTh KOJbIO guddepeniiu-
aJIbHBIX OllepaTopoB HaJl K.

Jlemma 3. Illyemv R — mnpocmoe Jduppepenyuarvroe rorvuo. Cywecmeyrom marue
X1, . Ty € R, wmo R = Rx1 + ...+ Rxy,.

Jloxazamenvcmeo. Tlokazxkem, 9ro jyist BCsKoro Henysiesoro a € R Bepuo R[0]a = R. Tak kak
yMHoxkeHue B R memnysnesoe, cymiectByiorT takue b,c € R, uro bc = 0. Tak kak R mpocrtoe,
naitnercas D € R0 takoit, uro Da = c¢. Torma bD € R[0] u (bD)a # 0. Crano ObITb,
R[0)a # 0. 910 umean u B cuity mpocrorsl R Tpebyemoe paserncrso R[0]a = R BepHo.
Pacemorpum nipoussosibablii @ € R. Cymecrsyer D € R[J] takoit, uro Da = a. Ilycrs
D = ay+ a0+ ... + a,0". Pacemorpum mabop u3 a,ag,...,a, 1 UX TPOU3BOIHBIX BILIOTH
J10 n + 1-ro nopsaka BKounTe/bHO. [lokaxkeM, 4To 3TOT HAbOP MOpOKIaeT R Kak uieas B
KOMMYTaTHBHOM KoJiblle. Pacemorpum npoussosibbiii b € R. Cymectyer Dy, € R[0] Takoii, aro
Dya = b. Ilycts MakcuMasibHas CTENeHb BXOXKIeHUsI orepaTtopa auddepennuposanus 0 B Dy
pasna N. Torna nepemmmmem pasencTso Dya = b B Buge D, DVtla = b. Jlesas qacTh paBencTsa
HpeJICTaB/IsgeT U3 cedsd CyMMY MPOM3BEIEHMIl, CTeleHb KOTOPBIX OTHOCUTENBHO @, g, . .., 0, 1
UX IPOM3BOJHBIX paBHa 2 + N. Bec Kaxkjoro takoro mpomssejieHust (CyMMapHOe KOJHMYECTBO
IPUMEHEHHBIX oreparopoB auddepenrnuposanus) He Gosbiie n(N + 1) + N. [o npunrmmy
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Jupuxjie, B KaXKJIOM M3 TAKUX MPOU3BEJIEHNUI OHA U3 MPOU3BOIHBIX OyJIeT UMETH TOPsJIOK He
k)

OoJIbIIIE N, TO €CTh KayKJ0€ U3 IIPOU3BEICHU JIEXKUT B Ra™ wmn Raz(» , re k < n.

m
Jlemma 4. Bo scakxom npocmom duddepentuanbmHom Kosvue ecms eQuHUa.
Jlokazamesvcmeo. Pacemorpum x = (x4, . . ., Ty, ) U3 npeabirymieit jemmbl. CyIecTByeT MaTpu-

na A € Mat,,(R) takas, uro Ar” = z1. 910 pasencrso nepenucoisaercs & suje (A—E)z’ = 0.
JIOMHOKHB Ha MaTPHILY U3 aJredpanvecKux JOMoIHeHni, momrydaeM, 9to det(A — E)x; = 0 s
Beex i. Tak Kak x; aBIA0TC obpasyromumu Moy st R, orcioa ciaeayer det(A — E) = 0. Eciau
PACKPBITH 3TO PABEHCTBO, TO MOJIYUNTCS BbIPAXKEHUE I €JIMHUIIBI Yepe3 SJIEMEHThI MaTPUILbI
A. Yto u TpeboBasIoCh. O
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MpbIcaio cjemoBaTeIbHO CYHIECTBYIO

“Indeed, in many respects, she was quite English,
and was an excellent example of the fact
that we have really everything in common with America nowadays,

except, of course, language.”

FOR PROUD AND LEARNED
(Where is clear and light)

Moscow, 2010 — 2014



Chapter 3.
Capelli relations
and their applications
in differential algebras.

3.1 Prime and maximal ideals in countable-dimensional commutative
associative algebras over R and C.

By k we denote the algebraic closure of field k.

Proposition 3.1.1. Let A be commutative associative k-algebra and ¢: A — k be a nonzero
homomorphism. Then, k-subalgebra ¢(A) is a subfield of k, and Ker ¢ is a simple ideal in A.

Proof. Consider any nonzero element ¢(a) € k. It is algebraic over k. Let us denote by
f(t) € k[t] its minimal polynomial. Since k is a domain, f(0) # 0. Thus, k-subalgebra k[p(a)]
contains the identity element. Moreover, f(t) = f(0) + ¢ - g(t), where g(t) € k[t]. The equality
f(0) + ¢(a) - g(p(a)) = 0 implies that —g(p(a))/¢(0) € k[p(a)] is a multiplicative inverse for
o(a). O

Proposition 3.1.2. Every simple commutative associative k-algebra A contains the identity.
Moreover, A is a field.

Proof. Since A is simple, the multiplication in A is nonzero and A contains no ideals

except 0 and A. Hence for every a € A the ideal A-a < {d-a|d € A} is either zero or coincides
with A. If A-a = 0, one-dimensional subspace ka is a nonzero ideal in A, so ka = A. In this
case A-A=A-ka= A-a =0, but it is impossible since the multiplication in A is nonzero.
Thus, A-a = A for all a € A. There exists e € A such that e-a = a. Since every b € A, there
exists can be rewritten asb=c-a (c € A). Then e-b = (e-a)-c=ac = b, so e is the identity.
Moreover, there exists d € A such that d - a = e, i.e. a is invertible. O

Theorem 3.1.1. Let A be commutative associative unital k-algebra, and M C A is a maximal
ideal. Assume that dimension of A is less than cardinality of k. Then, quotient algebra A/M is
an algebraic extension of k.

Proof. Replacing A with A/M, we assume further that A is a field, and M is zero ideal.
Let us consider an arbitrary nonzero a € A. Cardinality of the set {ﬁky € k’} exceeds dimy, A.
Thus, elements of this set are linearly dependent over k:

0= 61 + + ﬂn _ p(a)
a—a; a—a, (a—a))...(a—ay)
where p(z) € k[z]. Since p(a) = 0, a is algebraic over k. O

Corollary 3.1.1. Assume that k = R,C and A is countably-dimensional over k. Then, for
every mazximal ideal M C A field A/M is isomorphic either R or C.

Corollary 3.1.2. Assume that k-dimension of A is less than cardinality of k. Then, for every
non-nilpotent a € A there exists k-homomorphism p: A — k such that ¢(a) # 0.

Proof. Let us consider the chain of k-homomorphisms:

A Ala™ ™ Ala /M C F,



where Ala™!] is a localization of A with respect to a, M is an arbitrary maximal ideal of
unital algebra A[a™!], and ¢ is an arbitrary embedding of algebraic extension A[a~']/M D k in
k.

Let us denote € o gy 0, by ¢. Then:

o(a) - (coep(a™)) =coepn(eqa)-at) =coe(a/a) = 1.

Thus, ¢(a) # 0. O

Corollary 3.1.3. Assume that dimension of A is less than cardinality of k. Then, the
intersection of all prime ideals in A is the greatest ideal in A consisting of nilpotent elements.

3.2 Commutative algebras with a single specified derivation.

Definition 3.2.1. A k-linear map D: A — A satisfying D(a +b) = D(a) + D(b) and D(ab) =
aD(b) + D(a)b for all a,b € A is called derivation. An algebra with specified derivation is said
to be differential algebra. We denote D(a) by a'.

Signature (in the sense of universal algebra) of differential algebra includes bilinear
multiplication *: A ®; A — A and unary derivation D: A — A.

Definition 3.2.2. An element a € A such that a’ = 0 is said to be a constant.

Obviously, the set of constants is a subalgebra. Moreover, if A is a field, the set of constants
is a subfield.

Definition 3.2.3. Let A; and A, be differential k-algebras with respect to derivations D; and
D5, respectively. A k-linear map ¢: A; — A, is said to be a homomorphism of differemtial
algebras if:

©(Dy x ay) = Dy x p(a1), (a1 *az) = p(ar) *x p(ag) (ar,az € Ay).
In what follows we restrict ourselves to the cases k = R and k£ = C.

Example 3.2.1. Let A = k[[t]] be an algebra of formal power series in variable ¢. It is differential

algebra with respect to standart derivation D dof %. A is a domain, and its field of fractions is a
formal Laurent series field k((t)). All constants in k((¢)) are of the form A-1, where A € k. Every
ideal in A is principal, nonzero ideals in A are of the form A -t' (i € N). Since chark = 0, A
does not contain nontrivial differential ideals. Thus, A provides us an example of simple unital
differential algebra.

Let us also note, that all derivations on A are of the form f(t)<, (f(t) € k[[t]]).

Proposition 3.2.1. Assume that chark = 0. Formal Laurent series fi(t),..., fo(t) € k((t))
are linearly dependent over k if and only if the determinant

1 for . fa
/ / I
|fi,- o /ol = S o vanishes.
1(n71) f2(n71) . fénfl)

Proof. Proposition |7, prop. 2.8] states that elements of differential field are linearly
dependent over constants if and only if the corresponding determinant vanishes. Since the
field of constants of k((t)) is k, this statement implies our proposition. O
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Example 3.2.2. Let A = H(D) be an algebra of holomorphic functions in variable z defined
in the domain D. From the complex calculus we know, that all such functions are infinite
differentiable with respect to %. Moreover, they are analytic in D. In particular, A is a domain.

Example 3.2.3. Let A be k[xy,...,z,] (k = R,C). A derivation D: A — A is uniquely
defined by D(x1),...,D(x,). More precisely, if D x x; = fi(x1,...,2,) € A (1 = 1,...,n),

then D = Y fi(x1,...,2,)-2. Let ¢ be a homomorphism of differential k-algebra A to k[[t]].
i=1

ox;

Then, formal power series ¢(x;) (i = 1,...,n) are formal solutions of the following system of
differential equations:

o) = (@D x 1) = p(filan, ., 7)) =

= filp(x1),...,0(zn)) 1=1,2,... n.

General Picard theorem mentioned in Chapter 2 (7?) implies that these power series
converge in some neighborhood of zero to the solution of the system:

d :
axi:fi(xl,...,xn) (t=1,...,n)

with the initial condition: z;(0)= ¢(z;)|,_, -
Corollary 3.2.1. Let A be a finitely generated commutative associative algebra over R or C, and
D is a derivation A — A. Let ¢ be a differential k-homomorphism ¢: A — C[[t]] (p(Dxx) =

do(a)). Then, all power series of the form ¢(a) (a € A) converge in some neighborhood of
zero.

Proof. Let ay,...,a,, be a set of generators of A. The derivation D is uniquely defined by
D(ay),...,D(a,,) which are polynomials in ay, ..., ay,.
Let fi,..., fm € klz1,...,zy] be polynomials such that

D xa; = filar,...,an) (F=1,...,m)
Denote Zfi(xl,...,xm)£ by D. The epimorphism ¢ : k[zy,...,7,,] — A defined by
i=1 !

o(x;) o a; is a homomorphism of differential algebra k[z1, ..., x,,] with respect to D to A with
respect to D. Indeed, for every g € K|x1, ...,z

o0 x gl = o (8 A a) = S (2

filar,...;am) =D x g(ay,...,an) = D x ¢(g).
As noted in Example 3.2.3, power series ¢(@(z;)) (i = 1,...,m) converge in some
neighborhood of zero. O

Example 3.2.4. Let A = C>(a,b) be a R-algebra of infinitely differentiable functions
defined on the interval (a,b) C R. A is a differential algebra with respect to derivation %.
Obiously, there are zero divisors in A, but there are no nilpotents in A. Despite the fact
that for more than four centuries this algebra is used for solving differential equations, it is
not employed for representation of finitely generated differential algebras. There are many

functions z(t) € C*(a,b) such that z(t) is nowhere analytic. For example, Taylor series of
f(t) o > e~V cos(2Ft) diverges at any point. But even in this case Picard theorem and its
k=0

corollaries help to find suitable approach.
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Proposition 3.2.2. Assume that function x(t) € C*>(a,b) is nowhere analytic in (a,b). Then,
differential subalgebra generated by x(t) in C*(a,b) is isomorphic to free differential algebra of
rank one, i.e. functions z(t), ©'(t), ... are algebraically independent over R.

Proof is left to the reader.

Proposition 3.2.3. Let A C C*(a,b) be a finitely generated differential subalgebra. Then,
there exists an interval (ay,b1) C (a,b) such that for every interval (ag,by) C (a1,b1) subalgebra
A |(a,by) 15 isOMorphic to A |, p)-

Moreover, A |(q, ) s a domain.

Proof. Let us assume the contrary. Then, there exists a descending chain of intervals
(a,b) D (a1,b1) D (az,b2) D ... such that for all ¢ the restriction homomorphism A |4, 5,)—
A |(aip1,bi01) 18 DOt injective. By ay, ..., a, denote generators of A. Let R{wz1,...,2,} be free
differential algebra generated by x1,...,x, (see, [4][p. 9]). Let I; be a kernel of homomorphism
fit R{x1, ..., 20} = A |, (defined by fi(x;) = a;). Since, there are no nilpotents in C*°(a, b),
each [; is a radical differential ideal. Thus, we obtain an ascending chain of radical differential
ideals I} C Iy C I C .... Due to Ritt-Raudenbush theorem ([4][th. 7.1]) it is impossible.

Now let us prove the second statement of the proposition. Assume that there are nonzero
f,9 € A |(a 5 such that fg = 0. Then, there exists an interval (as,bs) C (ai,b;) such that
f(x) # 0forall x € (ag, by). But g lies in the kernel of the restriction homomorphism A |4, 4,)—
A |(ag,b5)- We obtained a contradiction with the choice of (a1, by). O

3.3 Taylor homomorphism and its applications.

Throughout this section all differential k-algebras are assumed to be countably-dimensional,
and £ = R,C. By Spec; A denote a spectrum of k-algebra A. Due to results of Section 3.1,
for every ideal M € Spec, A the quotient ring A/M is a field isomorphic either R or C. Let
1: A — C be a k-homomorphism of k-algebra A to C. For an element a € A let us define a
formal power series ¥ (a) € C[[t]] by the formula:

i

def21/z szat—'

where D is a k-derivation on A.
The above definition yields that:

U(ay * az) = (ar) *P(az), (D x a) = Li(a)
for all ay,ay,a € A. This means, that k-linear map ¢) : A — C[[t]] is a k-homomorphism of
differential k-algebra A to differential algebra CI[[¢]]. We will call this homomorphism Taylor
homorphism at the point ¢: A — C.

Remark. Obviously, every differential k-homomorphism ¢: A — C[[t]] is a Taylor
homomorphism at the point ¢ = 5og0, where e: C[[t]] — C is defined by the formula e(f) = f(0).

Indeed, assuming that ¢(a) = Z o; %, we have:

1=0
B 00 00 1 tz 00 tz
Y(a) = 2(5 o p)(D 25 1 z" Zaiﬁ = ¢(a)
i=0 i=0 ’ i=0 ’

Analytical spectrum.

Let us fix M € Spec,, A. By ¥y let us denote a k-homomorphism of A to the quotient algebra
A/M, which is isomorphic either R or C. Thus, we can assume that ), is a k-homomorphism
from A to C. By Spec, A denote the subset of Spec, A consisting of ideals M such that the
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image of Taylor homomorphism 1, : A — C[[t]] consists of series converging in e-neighborhood
of zero. It turns out that there are sufficiently many k-homomorphisms of the form ¢, — C,
where M € Spec, A.

Theorem 3.3.1. Let A be a finitely generated differential k-algebra with respect to derivation D,
and let a € A be a non-nilpotent element. Then, there exists M € Spec, A such that 1y (a) # 0.

Proof. The localization A[a™!] with respect a is a finitely generated unital differential

k-algebra. Let I C A be a maximal differential ideal. Then, the quotient algebra B 4 /1 is
a simple unital differentail k-algebra. Moreover, the element a + I is invertible in B. Theorem
of Razmyslov (see [5]) implies that B is a domain, and there exists b € B such that B[b™'] is
finitely generated as commutative algebra (not as differential algebra). Let N € Spec, B[b™!] be
an ideal. Due to generalized Picard theorem the image ¢ (B[b~']) consists of series converging
in some neighborhood of zero. Let M be a kernel of k-homomorphism:

A Al 3 Ala/T=B3 B | C

Then, M is a prime ideal, and M € Spec,A. Moreover, 1y/(a) is invertible, i.e. ¥/ (a) #
0. O

Nilpotent element lemma. By W (a4, ...,a,) denote infinite matix such that j* cell in
it row (i =0,1,2,...,5 =1,2,...,n) is filled with D’ x a;.

Lemma 3.3.1. Assume that the uppermost minor of Wi(ay,...,a,), i.e. |ai,...,a,|, is
nilpotent. Than, any other n x n minor of W(ay, ..., a,) is nilpotent.

Proof. Let ¢: A — C[[t]] be a homomorphism of differential algebras. Since C[[t]] contains
no nilpotent elements, |¢(ay), ..., (a,)| = 0. Proposition 3.2.1 implies, that ¢ (a;),...,¥(a,)
are linearly dependent over k. Thus, all n x n minors of W (¢(ay), ..., %¥(a,)) equal zero. Hence,
all n x n minors of W (¢ (a1),...,%(a,)) are contained in the kernel of every homomorphism
A — C[[t]]. Corollary 3.1.3 implies that all these minors are nilpotent. O

Remark. If n = 1, the lemma implies that in the case char k = 0 the element a’ is nilpotent
for every nilpotent a. Combinatorial proof of this statement can be found in [4|[lemma 1.7].

3.4 Capelli identities and the rank theorem.

Definition 3.4.1. k-algebra A of signature € is said to be prime, if the equality (J, J2) = 0
implies J; = 0 or Jo = 0 and to be semiprime, if the equality (J,J) = 0 implies J = 0 for any
ideals J, Ji, Jo of the algebra A.

This definition could be interpreted in the following way. Algebra A is prime, if for any
a,b,a; € A, where ¢ € (1,n), there exists a multilinear in a, b polynomial p(a, b, a;) such as

pla,ba;) =ay-...-a;-a-a1-...-a;-b-aj1-...-a, #0

Algebra A is semiprime, if for any a € A and n € N there exists a monomial, where a occurs
n times, ...a-...-a-...-a-...#0.

Following [2][§3] we introduce definition of a Martindale centroid. For any A be prime k-
algebra of signature €2 and let D = D(A) be related associative subalgebra in Endy A. Let P be
an injective hull of the D-module A, we denote E = Endp P algebra of all endomorphisms of
the D-module P, let ) = EA be D-submodule in P. It is known, that in this case the restriction
p of the action of the algebra E to D-module @) is commutative. Thus algebra C' = E/Ker p is
commutative and is called Martindale centroid. We extend all operations of the signature €2 by
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C-linearity from the algebra A to ) and endow () with the structure of a C-algebra. C-algebra
@ of the signature € is called central closure of the algebra A.

Proposition 3.4.1 (2], 3.2). If A is a prime k-algebra of signature §2, then the centroid C(A) is
field, Q(A) is a prime K -algebra and the C'-algebra Q) is characterized by the following properties

1. Q=CA;
2. any nonzero D-submodule in ) has a nonzero intersection with A;

3. any partial D-endomophism » of a nonzero ideal J of the algebra A into A determines a
unique endomorphism ¢ € C, whose restriction to J coincides with .

To formulate rank theorem we need the following definitions.

Definition 3.4.2. Denote by A a k-algebra of signature 2 and by F an absolutely free
k-algebra of the same signature with free generators z;,v;(i = 1,2,---). A polynomial
dp(z1, -+ , Tk, Y1, ,y) in the algebra F' that is linear and skew-symmetric with respect to
X1, ,x is called a Capelli polynomial of order k. Let V' be an arbitrary k-subspace in A; we
say that all Capelli identities of order k ave valid on V' if for any Capelli polynomial of order
k and any elements vy, -+ ,v, € V,aq,---,a; in algebra A the equaity

dk(vlf" y Uk, Ay, c - 7al) =0.

is valid in A.

Definition 3.4.3. The least number k such that all Capelli identities of order k are valid on
V' is called the rank of the k-linear subspace V' with respect to the algebra A. We denote this
number by rank(A, V).

Theorem 1 (rank). Let V be k-subspace in prime k-algebra A of signature Q. If rank(A, V) <
00, then in the central closure Q(A) of the algebra A we have

dime(ay C(A)V =rank(A, V) — 1.

k-algebra A of multilinear signature {2, with non-unary operations, is called simple, if it is
prime and does not contain nontrivial ideals.

In this case D(A)-module A is irreducible and for any nonzero element ¢ in Martindale
centroid C'(A) nonzero submodule ¢- A in Q(A) is also irreducible over D(A) and due to property
2 of the proposition should have a nonzero intersection with A. Therefore, ¢ - A coincides with
Aand ¢: A — A is an endomorphism of the irreducible D(A)-module A. By the Schur Lemma
all endomorphism in Endg A is a skew field and as ) contains nonunary operations, thus this
skew field is commutative. This field of endomorphisms of D(A)-module A is called centroid of
the k-algebra A. We denote it C4.

Corollary 3.4.1. Let V' be k-subspace in simple k-algebra A int signature €2, that contains
nonunary operations. If rank(A, V') < oo, then dimension of the space Cs -V over centroid Cy
of k-algebra A is equal to rank(A, V) — 1.

Naturally all this statements, definitions, concepts can be interpreted in relation to
commutative-associative differential k-algebras, signature of which consists of one billinear
operation — multiplication * and one unary operation — differentiation ’.
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For any k-subspace V' of a differential k-algebra A we consider the matrix M (A, V'), with
columns enumerated by the elements v € V, and v(® is the element in i-th line of v-th column
(1t = 0,1,2,...). Then inequality rank(A,V) < oo means, that all the minors of the order
1+ m = rank(A, V) of this matrix are equal to zero, and some minor of m-th order is not equal
to zero. Moreover, if vy,...,v, € V are numbers of the columns of the nonzero minor, then
U1,...,U;, can be chosen as a basis of Cy-subspace Cy -V in Q(A). It is left to understand
the definition of prime and semiprime differential k-algebra. Primacy means, that for any two
nonzero elements a,b of an algebra A there are natural numbers i, j, that a®b9) £ 0 (see
examples (paragraph 3.2)). Bouee Toro:

Lemma 1. Differential algebra A is prime if and only if for any a,b € A there is an n, then
)} £ 0
a .

Proof. Necessity of the statement is obvious. Let A be prime and numbers ¢ and j satisfy
the following equation a”b) # 0 and besides we chose the pair (i, j) with the smallest sum
and the smallest j of all such pairs. Let j > 0. Then a®bU~Y) = 0, meaning (a(i)b(j_l))/ =
ai+1bV Y 4+ a9 = 0. Hence a11)bY ™Y = —aWbl9) =£ 0, this inequality contradicts with the
minimality of j. Thus, j = 0 as required. [

Proved lemma implies

Theorem 2. If differential k-algebra A is integral domain and Q4 is its classic division ring,
then Martindale centroid C(A) of the differential algebra A coincides with subfield of constants
of the field Qa, meaning C(A). Moreover central closure Q(A) coincides with C(A) - A.

The latest results of Gleb Pogudin (see 6] and Appendix A) show that prime differential
commutative-associative k-algebras are not required to by integral domains. In particular,
differential algebra over field of rational numbers, with one differential generator x and one
differential identity 22 = 0 is prime, but all its elements are nilpotent. So rank theorem remains
valid for the class of differential algebras.

As for simple differential algebras the situation there is quite perfect. The results of Yu.P.
Razmyslov (see. [5], [2]) implies the following theorem

Theorem 3. For any simple differential commutative-associative k-algebra A (chark # 2)
contains unit element. Moreover, if chark = 0, then algebra A is integral domain.

3.5 Properties of the Capelli-Wronsky determinant.

Let F,, = k{x1, 22, ...,2,} be a free differential algebra in differential indeterminates x1, ..., z,.
F,, is generated as commutative algebra by algebraically independent elements :L‘Ej ) (1 =
L,....n; j=1,...; xEO) o x;). The derivation on F,, is defined by the formula (:cgj)>
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Following section 3.3, let us denote by W (xy,...,x,) an infinite matrix with n columns and
infinite number of rows such that (7, j)-th element is xgj ). Note that the uppermost minor of
this matrix is |1, ..., x,|. We will call it Capelli-Wronsky determinant for elements 1, ..., x,.
By F), denote the quotient algebra F,/[|zy,...,2,|], and let e: F,, — F,, be the canonical

projection. Lemma 3.3.1 implies that all n x n minors of W(e(xy),...,e(x,)) are nilpotent.

Since there are no nilpotent elements in F,/Rad F,, the subspace V(Zy,--- ,Z,)/RadF, aof

(kzy + - -+ kZ,)/ Rad F satisfies all Capelli identities of order n.

22



Proposition 3.5.1. By mé- denote (i, 7)-th cofactor of the square matrix

N N R
A0 G0
xgn—l) xén—l) x:(gn—l) L xgln—l)
Then:
SO NE 0, if s#1 = 0, if s#£t
(a) z:zlxl mt_{|x17"'7xn|7ifszt ’i:ZOZBS = |I1""7xn|v ifSZt
(b) the polynomial m’-m? —mi-m? is divisible by |xy, - - - ,z,| in the ring k:[mgj)h:l,...m,j:O,..A,n_l].

Proof. First statement is an easy excercise in linear algebra.
Let us recall that |zi,...,2,| is irreducible (see [10][p. 176, th. 1]). Thus, the quotient

algebra k[xz(j)\i:17... nj=0m—1)/|T1,.. ., x,| 1s a domain. Let 7: k:[xgj) lict, mjm0 1] —
k[xz(»j) liz1, mj=0,- m—1]/|T1, . . ., Tn| be the canonical projection, and let ) be the field of fractions
of k[a:z(j)|i:17... nj=0,mn—1)/|%1, ..., x,|. Then, the columns of Wronski matrix for m(x1), ..., 7(z,)
are linearly dependent over Q. Hence, w(m% - m? —mJ - mi) = 0, so we are done. O

Corollary 3.5.1. By ri(x1,--- ,z,) denote m},_,(i =1,--- ,n). Then, the following equalities
hold in F,,:
(a) 1(Z1, - Zp) - T1+12(T1, - &p) - To+ -+ 1p(T1, -, Ty) - Tp =0,
(b) ;-7 — 775 =0.
Moreover, Capelli rank of the k-subspace (k7 + - - - +k7,) in F,,/ Rad F}, does not exceed 1.

Definition 3.5.1. The elements 71(Z1,- -, Zpn), -, T0(T1, - ,Tn) € F, are said to be
prointegrals, because (7;/7;) =0 in F), [fj_l]. Indeed, it follows from (b) of the corollary above.

Moreover, the localization F, [rj_l] 7 =1,---,n admits a more opaque description.
O. Whatnot algebra By R, denote differential k-algebra generated by wvq,---,v,;
Ug, U1, - - , Uy_o satisfying the following relations:
o un_gvgn_Q) — un_3v§”‘3) — = ulvgl) —ugv; =0
Clearly, as a commutative algebra R, is generated by the following algebraically independent
elements:

vi(o) © oM ,vi(n_Q)(i =1,

u;o) def uj,ug-l),---(j =0,1,--- ,n),

such that derivation is defined by the formulas:

@y LY (G =0,1,- 0 -2k =0,1,2,---),

"2 L ™ 0™ b u™ fugr; (=1, ,n),

) 7 i
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My € (k=0,1,2,-- ,n —3)

If j > n— 2, than j row of W, (vy,...,v,) can be expressed as linear combination of the
rows with smaller indexes over the subalgebra generated by wug,uy,...,u,_o. Thus, all n x n
minors vanish, and the subspace k-vy + k- vy + - - -+ k- v, satisfies all Capelli identities of rank
n Since R, is a domain, the field of fractions (Jg, contains constants ¢, ..., ¢, (not all zero)
such that ¢; vy + -+ ¢y, v, =0. Forall 1 <j <nrj(v,...,v,) #0,80q1,...,¢, can be
defined by the formula g5 = r4(v1,- -+ ,v,) /7 (v1, -+, vp).

Theorem 3.5.1. Let j = 1,...,n. Then, differential algebras F,[F;(Z1,--+,%,)"Y] and
Ry[rj(v, -+ ,v,)7Y are isomorphic.

Proof. Define the isomorphisms:

£1: Fn[fj(i’l, ... ,i’n)il] — Rn[rj('ul, R ,Un)il], Eg: Rn[rj(vl, R 71}”)71] — Fn[fj(ﬂ_ﬁl, ... ,j)n)il}
by the rule: e1(z;) = v; and ey3(v;) = Ty, ea(u;) = —mé-(i‘l, e Ty) [T (T, D). €7 s well
defined because |vy,...,v,| = 0. g5 is well defined due to Corollary 3.5.1. O

Proposition 3.5.2. Let y1(t), y2(t), ..., yn(t) € C®(a,b), and |y1(t), ..., yn(t)| = 0. Then, for
every interval (ay,by) C (a,b) there exists subinterval (ag, by) C (a1, b1) such that yi(t),. .., y,(t)
are linearly dependent on (as, bs).

Proof. Let A be a differential algebra generated by w1, ..., y,. Proposition 3.2.3 implies
that there exists (ag,b2) C (a1,b1) such that A, s,) is a domain. By @ we denote its field of
fractions. Since |y1,...,y,| = 0in Q, y1, . .., y, are linearly dependent over the field of constants
of Q. The field of constants of () coincides with R, so we are done. O

Appendix A. Example of prime differential nilalgebra (see, [6])

We denote a differential polynomial algebra in one indeterminate by k{x}. More precisely, k{z}
is a polynomial algebra k[xq,x1, 2, ...] in a sequence of algebraic independent indeterminates
(r = wo,x1,T9,...) endowed with a derivation (i.e. k-linear operator satisfying the Leibniz
law) such that ), = z,,+1. An ideal [ is called a differential ideal if I’ C I. Let ki {x} be the
subalgebra of the differential polynomials with zero constant term.

Let us consider an infinite dimensional vector space V;, with a basis consisting of £¥ and n¥
(k=0,...,m—2,i € Z(). We denote a Grassmann algebra of V,,, by A(V},,) and denote its even
and odd components by Ag(V;,) and A1(V,,), respectively. Let us note that, from now on, A(V,,)
is assumed not to contain unity. Let us equip A(V;,) with a derivation (not superderivation)
using the formulas (&F)" = &F,, and (n¥)’ = n¥_,, i.e. the derivation increments the subscript.
Obviously, Ag(V;,,) is a differential subalgebra in A(V},).

Let us denote the quotient algebra k,{z}/[z™] by D,, and the image of x in D,, by Z.
We define a homomorphism of differential algebras ¢,,: D,, — Ag(V,,) by the rule ¢,,(z)

m—2
> & AT
k=0

| &

Lemma 2. ¢, is a monomorphism.
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Proof Let us prove that ¢, is a homomorphism. It is sufficient to prove that (¢,,,(z))™ = 0.
Indeed, (¢, (Z))™ is a homogeneous skew-symmetric form of degree 2m in 2(m — 1) variables.

Let us recall that (according to Levi [8]) a monomial zPoxi* ---aP» (p; € Zsg) in ky{z} is
said to be an «,,-monomial if p; + p;+1 < m for each i. We need the following fact (|8], theorem
1.1):

Fact. Images of a,,-monomials in D,, constitute a basis for the linear vector space D,,.

Thus it remains to check that the kernel of ¢,, does not contain any non-trivial linear
combination of «,,-monomials. Let us introduce a monomial order. We fix two monomials
P =gapo...gbr and Q = zd’ -+ 29 (p;,q; € NU{0}). Let j be the minimal index such that
p; # ¢;- Then P is said to be larger than @) if p; < ¢; and @ is said to be larger than P
otherwise. This order is called degrevlex order ([9]).

Let us consider an arbitrary linear combination L of a,,-monomials and its leading term
M = zy, - xy,, where k, > --- > ko. The a,,-property can be reformulated as follows: for
each pair 7 and ¢’ such that ¢ — 7 = m — 1 holds the inequality k; — k;y > 1. In particular,

ki > 2 |:mZ—1:| We are going to find a monomial x in ¢,,,(M) which does not appear in ¢,,(M’)
for any monomial M’ # M from L. We assign to each Ty, a monomial &g Ny where ¢ and r
are the quotient and the remainder of division j by m — 1, respectively. Let p be the product of

these monomials. Due to the inequality above, k; — ¢ > 0. Moreover, the a,,-property implies:

kj—q<kj+m_1—q—1<kj+2m—2—q—2<... (2)

for each j. Hence, all basis vectors appearing in u are different and p # 0.

Let us prove that ;1 does not appear in any monomial M’ = %y, -+ Ty < M (k;, > -+ = k).
Since M’ < M, k) > ky. On the other hand, p contains £ A n? from ©m (T, ) for some a, b and
c. Inequality (2) implies that minimum possible value for a + ¢ is ko, where a = kg, b equals the
remainder of division ko by m — 1, and ¢ = 0. Hence, ko = k{, 0 (Tk,) and @, (T4, ) correspond
to the same submonomial of p. Continuing this line of reasoning, we see that M = M’. Thus,
©m 1s injective. [

Lemma 3. Let P be a prime differential algebra and Q) C P be its differential subalgebra. Then,
Q s prime.

Proof Let A and B be differential ideals in () such that AB = 0. Consider ideals (not
necessary differential) A and B in P generated by A and B respectively. Obviously, AB = 0.
On the other hand, we claim that A and B are actually differential ideals. Indeed, let a € A

and x € P, then (pa)’ = p'a+ pa’, where a,a’ € A and p,p’ € P. This contradicts the primality
of P. m

Theorem 4. The algebra D5y is prime.

Proof. Due to Lemma 2, it remains to check that Ag(V5) is prime. Let A and B be such
differential ideals that AB = 0. Let us fix a € A and b € B. There exist monomials m,
and my such that m,a and myb are nonzero monomials. Hence, we can assume without loss
of generality that @ and b are monomials. There also exists large enough N such that (V)

contains a monomial with derivations of higher order than the highest order of the derivations
in b. Clearly, a™)b # 0. O

Appendix B. Every simple differential ring is unital.

Let R be a differential ring. By R[0] denote a ring of differential operators on R.
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Lemma 4. Assume that R is a simple differential ring. Then, there exist x1,...,x,, € R such
that R = Rxy + ...+ Rxy,.

Proof. Let a € R be a nonzero element of a. Since the multiplication on R is nonzero,
there exist b, ¢ € R such that bc # 0. The simplicity of R implies that there exists D € R;q[0]
such that Da = ¢. Than bDa # 0, so R[0]a # 0. Hence R[0]a = R.

Thus, for every nonzero a € R there exists D € R[0] such that Da = a. Let D = ag+ a0+
...+ a,0". By S denote the set {a¥ | i < n+1}U{a§i) |0<j<n,i<n+1}. Consider b € R.
There exists Dy, € R[J] such that Dya = b. By N denote degy Dy,. Let us rewrite the equality
Dya = b as DyDN*'q = b. The left-hand side is a sum of monomials. Each of these monomials
is of degree N + 2 with respect to a, ag, ..., a, and their derivations. Weight of every monomial
does not exceed n(N + 1) + N. Thus, by the pigeonhole principle, every of these monomials

contains at least one element of S. Hence, R = ) Rux. O
zeS

Lemma 5. Simple differential ring is unital.

Proof. Let us consider z = (x1,...,x,,) given by the lemma above. There exists a matrix
A € Mat,,(R) such that Az" = 2T. This equality can be rewritten as (A — E)aT = 0.
Multiplying by the adjugate matrix, we obtain det(A — E)x; = 0 for all i. Since x; generate left
R-module R, det(A — E) = 0. This equality express the identity as a polynomial in the entries
of A. O
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